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ABSTRACT
This project investigates the time-scales for hydrocarbon components in an isothermal oil reser-
voir column to reach thermodynamic equilibrium under the competing inﬂuences of molecular
diﬀusion and gravitational segregation by gravity diﬀusion. The inﬂuence of non ideal be-
haviour on the equilibrium compositional proﬁle, as well as on the equilibrium time for some
examples of binary and ternary hydrocarbon mixtures is also investigated.
When the variation of hydrocarbon composition within a ﬁeld cannot be described by stan-
dard steady-state models of gravity-diﬀusion equilibrium, it is usually assumed to be caused by
some degree of hindrance to the connectivity of the oil volume, a situation known as reservoir
compartmentalization. However, order of magnitude estimates of the time taken for thermody-
namic equilibrium to be established by diﬀusion are similar to the ages of many hydrocarbon
reservoirs (between 1 million and 100 million years). Thus it is possible that compositional
variations within a reservoir may be simply due to there having been insuﬃcient time from
reservoir ﬁlling for diﬀusion to equilibrate compositions.
It is important to determine the time-scales for vertical compositional gradients to be estab-
lished in order to assess whether compositional proﬁles that are not in thermodynamic equi-
librium are indicative of barriers to ﬂow within the reservoir or simply that the reservoir ﬂuids
have not yet had time to establish a steady-state distribution.
A macroscopic, numerical model of the thermodynamic behaviour of the reservoir ﬂuids has
been used for this investigation. The model has been validated against simple transient analytic
solutions for molecular diﬀusion, as well as steady-state solutions for molecular/gravity diﬀu-
sion in binary mixtures. It was found that a uniform mixture of methane and undecane will
segregate over a vertical distance of 300m in a few hundred thousand years and that this time-
scale can be aﬀected by non-ideal mixing and the relative proportions of the two components.
Equilibrium time was found to be a function of the competing inﬂuences of molecular diﬀusion
and gravitational segregation. We also use our model to investigate laboratory observations
of compositional grading in ternary mixtures of methane, n-pentane and 1-methylnapthalene
reported by Ratulowski et al. (2003) and why their numerical simulation produced an unex-
pectedly smaller separation when methylnaphthalene was replaced by n-undecane, although
methylnaphthalene and undecane have almost the same molar weight. Our study also provides
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insight into the relative importance of density, molecular diﬀusion, initial composition and real-
mixture modelling (as opposed to ideal mixture assumptions) on compositional grading in a
ﬂuid more representative of a real crude oil.
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Nomenclature
Symbol Meaning units
ai chemical activity of component i -
b coordination number in a pore system -
ci molar concentration of component
i in solution = cxi mol .m−3
c molar concentration per unit volume of the
mixture. c =
∑
ci mol. m−3
ckav average molar concentration per unit volume in a
grid cell at time-step k. mol. m−3
Di,j molecular diﬀusion coeﬃcient of component i
in j m2. s−1
fi fugacity of component i N.m−2
g acceleration due to gravity = 9.8 m.s−2
G Gibb's free energy J
H reservoir thickness m
i variable used to denote a component -
k variable used to denote grid-point in the numerical scheme -
J total molar ﬂux per unit area per second of the
mixture mol.m−2.s−1
JAi molar ﬂux of component i due to transport mechanism A mol.m
−2.s−1
JA total molar ﬂux of mixture due to transport mechanism A
mol.m−2.s−1
k variable used to denote time-step in the numerical scheme -
L half the thickness of a reservoir m
Mi molar mass of component i kg.mol−1
n total number of moles mol
ni number of moles of component i mol
npts number of grid-points in the discretization -
N total number of components in a system -
P total pressure N.m−2
pi partial pressure of component i in
a mixture of real gases N.m−2
Q heat in a system J
r radius (distance from rotational axis in experiment) m
R ideal gas constant = 8.314472 J mol−1K−1
Si separation of component i, deﬁned as half the diﬀerence between
the mole-fractions of i at the top and bottom of the reservoir
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Symbol Meaning units
t time years
tc convection time-scale years
tD diﬀusion time-scale years
tP pressure (or gravity) diﬀusion time-scale years
t∞ time chosen to be suﬃciently close to steady state years
we term this as equilibrium time for lack of a better word
T temperature K
U internal energy of a system J
vi molar volume of component i m3.mol−1
vbi molar volume of component i at normal boiling point cm
3.mol−1
vi partial molar volume of component i m3.mol−1
v molar volume of mixture m3.mol−1
Wk method of solution, e.g. method W1 -
xi mole-fraction of component i -
x0i initial mole-fraction of component i -
Yij
∂ ln γi
∂xj
|T,P,Σ -
z vertical coordinate along the reservoir, directed upwards m
γi activity coeﬃcient of component i -
Γ matrix whose components Γij = δij + xiYij -
∆v in a binary mixture, vA − vB. m3.mol−1
∆M in a binary mixture, MA −MB. kg.mol−1
ε
npts
j absolute error (of equilibrium time) between solutions for npts grid-points
between the exact and numerical solutions years
λ tortuosity of porous medium -
µi chemical potential per mole of component i J.mol−1
µPi gravitational potential per mole of component i J.mol
−1
ηi dynamic viscosity of component i mPa.s
Θi the quantity ρavvi−MiRT g m
−1
ξW1,W2 percentage error between solutions using method W1 and W2 -
ξ
npts
j absolute error (in mole-fractions) between solutions for npts grid-points
at grid-points= j between the exact and numerical solutions -
ρ density ρ =
∑
ρi kg.m−3
ρav average ρ of mixture in the entire reservoir kg.m−3
%i density of pure component i kg.m−3
τ characteristic time years
φ porosity of porous medium -
ω rotational frequency rad s−1
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Introduction
1.1 Overview
Organic matter may accumulate when conditions are favorable for the deposition of sediments
rich in organic matter (e.g. in continental shelves in areas of quiet waters known as source
beds). This can then be broken down to an insoluble organic residue called kerogen providing
temperature and pressure are favorable. With an increase in temperature (a consequence of
depth), thermal breakdown of kerogen is responsible for the generation of most hydrocarbons
[1]. The release of petroleum compounds from kerogen in source beds is known as primary
migration. Secondary migration is the subsequent process where-by this oil and/or gas passes
through the wider pores of more permeable rock units [1]. After these migrations the oil may
be trapped in sediments or rocks overlain by an impermeable bed and the end result is an oil
reservoir. In an oil reservoir, the body of diﬀerent hydrocarbons is called crude oil. In this work,
the various hydrocarbons in the reservoir will be termed components, while any homogeneous
combination of two or more hydrocarbons will be termed as a mixture.
In the subsurface, the segregation of the crude oil's components of diﬀerent mass densi-
ties may be caused by gravity/pressure gradients, thermal diﬀusion and thermal convection.
Molecular diﬀusion counters the eﬀect of segregating forces, tending to even out any compo-
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sitional gradients. In this work, only single-phase systems aﬀected by molecular diﬀusion and
segregation due to gravity gradients (gravity diﬀusion) are considered.
Measured data reveal diﬀerent compositional variations in diﬀerent oil reservoirs. Vertical
compositional variation is common in oil reservoirs, with either vertical variation with lighter
components on top [2] or the reverse with heavier components such as C7+ on top of lighter
components [3, 4]. Reservoirs with pronounced horizontal variation [5, 6], as well as negligible
compositional variation throughout the reservoir [7] have been observed. Nasrabadi [8] presents
recent work on compositional variation in oil reservoirs, and builds a model that considers the
combined eﬀects of natural convection, molecular diﬀusion, thermal diﬀusion and pressure
diﬀusion for two-phase multi-component systems. All these research publications indicate that
there has been increasing interest in the oil industry to fully understand compositional variation
in oil reservoirs. The understanding of compositional variation can have important implications
in reservoir management and ﬁeld development [8].
Variations in compositional gradients from the steady-state proﬁle are normally assumed to
be an indicator of compartmentalization [9]. Order-of-magnitude estimates suggest that it may
take between 1 million and 100 million years (this is the age of many hydrocarbon reservoirs)
for compositional equilibrium to be established in isothermal reservoirs via molecular diﬀusion
[10, 11]. Thus it may be possible that abnormal compositional gradients are not a tell-tale
sign for reservoir compartmentalization. This justiﬁes the need to model molecular and gravity
diﬀusion to more closely represent a real reservoir in order to determine the amount of time
needed for equilibration in reservoirs. Major research eﬀort has been directed toward the
transport processes in multi-component mixtures ([4, 8, 1012], to name a few) and mixing
times due to various other processes have been modelled ([1013]). Knowledge of mixing times
is necessary for determining whether abnormal concentration gradients are due to barriers.
It is therefore, clearly important to estimate the time-scales for compositional equilibrium to
be established if reservoir disequilibrium is to be used as a reliable indicator of compartmen-
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talization. In this work, the factors inﬂuencing compositional equilibrium and the time over
which it is attained in multi-component, single-phase mixtures in reservoirs are studied both
quantitatively and qualitatively, using a 1-D model.
1.2 Project Objectives
The main objectives of this thesis/work are:
• to develop analytical and numerical tools for molecular and gravity diﬀusion in single
phase systems which are as representative of the real system as possible.
• to use these tools to study the sensitivity of time-scales and composition to reservoir size,
initial composition/compositional proﬁle, excess molar volumes, activity coeﬃcients and
density.
• to explain the possible cause of these sensitivities analytically or numerically.
1.2.1 Case Study
We used the tools developed in this work to compare the dynamics in a methane/n-pentane/n-
undecane mixture to an equivalent mixture of methane/n-pentane/methylnaphthalene(MNP).
Such a comparative study was previously carried out in laboratory experiments [14] where an
unexpected diﬀerence in the degrees of separation of the two mixtures was observed. The
change in the methane mole-fraction (separation of methane at the top of the reservoir) is a
factor of eight less in the former mixture than the latter mixture of equivalent composition,
although the density of MNP is only greater than that of undecane by a factor of less than two.
As part of this work, we provide a plausible explanation for this observation.
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1.3 Outline of Report
This report is divided into 7 chapters.
Chapter 1 consists of an introduction to this piece of work and its objectives. In chapter
2, relevant previous work on the dynamics involving compositional gradients in reservoirs is
reviewed, and reasons are given why this work is complementary to previous work. Chapter 3
begins with a derivation of the ﬂuxes leading to the separation-mixing equation for a real binary
mixture. In section 3.2, the equation developed in the earlier part of chapter 3 is extended to
multi-component systems. A theoretical discussion of real mixtures is also presented, with
a comparison to the equation in the case of ideal mixture assumptions. In chapter 4, the
analytic steady-state solution to the ideal multi-component case is given, together with other
mathematical analyses. Chapter 5 comprises the description of the numerical tools employed.
Section 5.1 summarizes the ﬁnite volume method used. We describe the CFL condition for
the multi-component system in section 5.2, while details of the stopping criterion are found in
section 5.3. A brief analysis of the mass conservation in the numerical model is presented in
section 5.4.1. In section 5.5, a test of the numerical method is performed, which includes a
comparison with the exact solution developed in chapter 4, as well as a convergence test.
The simulation results are presented in chapter 6, where we present the eﬀects of various
parameters (reservoir thickness, diﬀusion coeﬃcient, density diﬀerence, real/ideal modelling)
on equilibrium time and composition.
Finally, in chapter 7, we conclude by stating and explaining the observations of both the
simulation and analytical results.
Last but not the least, there are appendices (A - G) for additional details of data acquisition,
numerical notes, as well as some analysis and derivations. In appendix A, we explain how
we obtained the molar volumes of the compounds in our simulations. Appendix B shows how
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the diﬀusion coeﬃcients were calculated, and how the data needed for their calculation were
obtained. A detailed derivation of molecular diﬀusion and gravity diﬀusion ﬂuxes is found in
appendices C and D respectively. The derivation of the partial molar volumes with the aid of a
second-order Redlich-Kister polynomial [15] is found in appendix E, while the Stefan-Maxwell
formulation for the multi-component system is elaborated in appendix F. In appendix G, the
computer program implemented in this work is described.
Chapter 2
Background
In chapter 1, we saw that various compositional gradients have been observed in diﬀerent oil
ﬁelds [26]. In this chapter we brieﬂy discuss the various physical mechanisms that inﬂuence
compositional variation in an oil reservoir. We review literature on compartmentalization, and
describe some ﬁeld observations based on previous work. We also explain why this work is
necessary in the midst of much previous work.
There are many causes of ﬂuid gradation: gravitation, thermal gradients, biodegradation,
water-washing, current reservoir charging, multiple reservoir charges, leaky seals, variation in
deposited kerogen, production schemes, etc [16]. Most cases of compositional variation in oil
reservoirs have a thermodynamic cause (temperature, gravity), or can be attributed to accu-
mulation processes (genesis, migration) and reservoir characteristics (permeability, porosity,
capillarity, geological structure) [17]. Winters and Williams [18] observe that the composition
of crude oils in the subsurface may be altered by bacterial action to a considerable extent.
After the migration of petroleum ﬂuids into a trap, the most striking and widely studied
force on the ﬂuid is gravity [19]. Observation of several reservoirs throughout the world leads
to the conclusion that compositional variations in reservoir ﬂuids with depth are more common
than expected [16]. The occurrence of vertical compositional gradients is generally believed
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to be caused by gravity and/or vertical temperature gradients, usually geothermal gradients
[8]. Lira-Galeana et al. [20] observe that in a reservoir ﬂuid column, compositional grading in
reservoirs varies from one depth to another owing to gravity forces. This phenomenon has been
observed in both short and tall vertical columns [16].
Experimental data from analyses of more than 20 recombined ﬂuid samples show that a sig-
niﬁcant compositional gradient exists in the Anschutz Ranch East ﬁeld and can be correlated as
a linear function of depth [2]. Another example of vertical compositional gradient is the North
Sea Brent Field in the United Kingdom [21]. Considerable ﬂuid compositional variations at
discovery have been observed for some hydrocarbon reservoirs around the world. This may con-
siderably aﬀect the reservoir ﬂuid properties and hence diﬀerent exploration and development
plans [17].
Given enough time, the distribution of the ﬂuid petroleum components will achieve steady
state. The dynamics leading to the steady-state distribution may be governed by various degrees
of diﬀusion, natural and thermal convection. On the other hand, compartmentalization might
hamper the attainment of steady-state in the whole reservoir. Let us brieﬂy introduce each of
these aspects that inﬂuence reservoir ﬂuid mixing (see chapter 3 for a more detailed formulation
of the relevant mechanisms considered in this work).
2.1 Diﬀusion
The diﬀusive mechanisms of species distribution in an oil reservoir are: (1) molecular diﬀusion,
(2) pressure diﬀusion, (3) thermal diﬀusion. Diﬀusion is the molecular movement in a ﬂuid,
distinct from bulk motion. The time needed for these processes is governed by the diﬀusive (or
diﬀusion coeﬃcient) of each compound in the mixture, the compositional or thermal gradient,
and the length of the system. Diﬀusivity is sensitive to details of intermolecular interactions,
molecular size and shape. Its magnitude is also governed by thermodynamic conditions like
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temperature and pressure ([22, 23]). Here is an introduction to the various diﬀusive mechanisms
encountered in oil reservoirs:
2.1.1 Molecular Diﬀusion
Molecular diﬀusion describes the net ﬂux of molecules from a region of higher concentration
of that substance to one of lower concentration. This is as a result of the random motion of
all the molecules in the ﬂuid due to Brownian motion. In the absence of any other transport
processes molecular diﬀusion will ultimately result in a uniform mixing of all components of a
mixture.
The diﬀusion equation for a binary mixture of A and B in 1-D is given by [24]
∂cA
∂t
=
∂
∂z
(
cDMAB
∂xA
∂z
)
(2.1)
where c is the concentration of the mixture, xA the mole-fraction of A and DMAB the molecular
diﬀusion coeﬃcient of A in B. The concentration cA can be expressed in terms of the mole-
fraction cA = cxA. Taylor and Krishna [24] present a general derivation for a multi-component
mixture (see appendix C). In a multi-component mixture, equation 2.1 becomes a vector
equation, and the diﬀusion coeﬃcients DMij are elements of the matrix [D
M ], where i and j are
components (see chapter 3).
Molecular diﬀusion is the most-easily analyzed of transport processes, especially in binary
mixtures. Carlsaw and Jaeger [25] as well as Cussler [26], present analytical solutions to the
1-D diﬀusion equation in binary mixtures. Cussler also expresses a relationship between the
steady-state solution and the evolution of the transient solution.
It is important to model the diﬀusion process using diﬀusion coeﬃcients as close as possible
to the actual values. Some work has been done in that direction. Avsec and Oblak [27] have
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proposed analytical calculations of diﬀusion coeﬃcients for binary mixtures in the real gas
region. Summaries of various measurement methods and reviews of available data in ternary
mixtures are documented [26, 28]. Cussler [26] lists the diaphragm cell method as the best,
predicting the diﬀusion coeﬃcients in gases and liquids to an accuracy as high as 0.2%. A
comparison of various alternative methods of predicting diﬀusivity for gases at low pressure
at certain temperature/pressure values is presented in [29] and [30], where errors of previous
methods were compared to experimental data at certain temperature/pressure pairs for certain
binary mixtures. The result was that some of the methods showed a smaller error for certain
mixtures than other mixtures at particular temperature/pressure pairs, and larger errors at
other temperature/pressure pairs.
Bird et al. [31] also discuss the temperature-pressure dependence of diﬀusivities of binary
mixtures, and present methods that can be used to extrapolate existing data. In [31], it is
shown that for binary gas mixtures at low pressure, the diﬀusion coeﬃcient is inversely pro-
portional to pressure, increases with temperature, and is almost independent of concentration.
At high pressure, and in the liquid state, the behaviour of the diﬀusivity is quite complex [31].
This complexity mainly derives from the nonlinear dependence of the diﬀusion coeﬃcient on
temperature and pressure at such conditions, coupled with its dependence on concentration.
However, Hayduk and Minhas [32] present a correlation of the diﬀusion coeﬃcient, which takes
into account all these parameters. This correlation is a function of the temperature, compo-
sition (by the Vignes relation [33]) and viscosity (viscosity is a function of pressure). Bosse
and Bart [34] describe an extension of the Vignes relation where an excess Gibb's energy is
considered. The average relative deviation between experimental data and computed values is
approximately 8% depending on the choice of the Gibb's energy model. However, the Hayduk
and Minhas [32] correlation will suit our purposes, since it is generally assumed [31] that it
gives reasonable estimates of the diﬀusion coeﬃcient for hydrocarbon mixtures. One of the
most recent reservoir compositional gradient models [8] also implemented this correlation.
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2.1.2 Pressure Diﬀusion
Pressure diﬀusion describes the transport of diﬀerent components of a ﬂuid mixture via random
motion when there is a pressure gradient and when the diﬀerent components have a diﬀerent
molecular mass. The temperature of a ﬂuid is related to the kinetic energy of the individual
molecules in that ﬂuid. The kinetic energy E of a molecule is a function of its mass m and its
translational velocity υ 1 so that
E =
1
2
mυ2 (2.2)
At isothermal conditions all molecules in a ﬂuid have the same kinetic energy. This means
that lighter molecules must be travelling faster than heavier molecules. At higher pressures
molecules in a ﬂuid are closer together, therefore the mean free path between collisions during
Brownian motion is shorter. Lighter and therefore faster moving molecules will be able to
move further than their slower moving, heavier comrades in a given time and this contrast
increases at higher pressures. It is therefore easier for lighter molecules to move out of regions
of high pressure than it is for heavier molecules. In reservoirs the vertical pressure gradient is
described by hydrostatic equilibrium which relates pressure at a given depth to the weight of
ﬂuid above it. Pressure therefore increases with depth and as result of pressure diﬀusion lighter
molecules will tend to segregate from heavier molecules. This segregation of molecules due to
pressure diﬀusion resulting from a pressure gradient caused by gravity is sometimes referred to
as 'gravity diﬀusion'. This is the process considered mainly in this thesis
Bird et al. [31] and Firoozabadi [35] show a derivation of the pressure diﬀusion equation.
The expression is derived using thermodynamics of irreversible processes [35]. Where there is
only hydrostatic pressure, the term gravity diﬀusion is also commonly used.
Based on the arguments of thermodynamics of irreversible processes [35], the segregation
caused by gravity in a binary mixture of A and B in isothermal conditions in 1-D with only
1please note the diﬀerence between the Greek letter υ and the Latin letter v used for molar volume
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hydrostatic pressure is given by
∂cA
∂t
= − ∂
∂z
[
c
DABg
RT
xA (ρvA −MA)
]
(2.3)
where vA is the partial molar volume of A, ρ the mass density of the mixture,MA the molar mass
(molecular weight) of A, and R and T are the ideal gas constant and temperature respectively.
In this work, we model reservoirs in which the only cause of pressure gradients is gravity. The
magnitude of gravity diﬀusion (gravitational segregation) is caused by the density diﬀerences
of the various components, and its rate is inﬂuenced by mobility2 of A in the medium DAB
RT
cxA,
as well as the acceleration due to gravity (g). In a multi-component mixture, the equation
becomes a matrix equation. In that case, Dij are elements of a matrix [D] where i and j are
the components (see chapter 3).
Pressure diﬀusion is similar to advection by nature. The major diﬀerence is that while
pressure diﬀusion is molecular in nature with concentration-dependent speed, advection is due
to a bulk ﬂow at a constant speed. Transient analytical solutions to the advection equation
are available (e.g. [38]), but not for pressure diﬀusion. Implicit steady-state solutions are
available for pressure diﬀusion in the presence of molecular diﬀusion [35]. However, Galliéro
and Montel [39] have derived an approximate relationship between the solution of pressure
diﬀusion coupled with molecular diﬀusion at steady state and the solution at any given time,
based on the relationship for molecular diﬀusion [26]. We describe and implement Galliéro
and Montel's approximate relationship [39] in section 5.5.6 to show how the time-dependent
composition is related to the steady-state composition for molecular and gravity diﬀusion,
though no explicit steady-state solution is available for the separation/mixing equation.
2.1.3 Thermal Diﬀusion
Thermal diﬀusion (also known as the Soret eﬀect) describes the transport of diﬀerent com-
ponents of a ﬂuid via random motion when there is a temperature gradient. As discussed in
2compare with Einstein's mobility [36, 37]
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the previous section temperature is a measure of the kinetic energy of the molecules of a ﬂuid
(under local thermodynamic equilibrium). Higher temperatures mean higher kinetic energies.
Thus in the presence of a temperature gradients, the regions of a ﬂuid at a higher temperature
have molecules with a higher kinetic energy than regions of the ﬂuid with a lower temperature.
Thus in regions of higher temperature lighter molecules have a much higher translation veloc-
ity than heavier molecules compared with in regions of lower temperature. In an ideal ﬂuid
this results in lighter molecules ﬁnding it easier to move towards regions of lower temperature.
In non-ideal ﬂuids where collisions between molecules are aﬀected by stearic interactions the
outcome of thermal diﬀusion is more diﬃcult to predict as lighter molecules will also undergo
more collisions in regions of higher temperature. This may have the eﬀect of making it more
diﬃcult for them to move towards regions of lower temperature.
In a binary mixture, due to high temperature, steric interactions tend to push the molecules
out of the hot region into cooler regions of the ﬂuid by increasing the kinetic energy of the
molecules [40]. As their mean-free paths increase, both components strive to being at the
cooler regions and thus have to compete with each other. The component with larger inter
particle interactions gain and move indeed to the cooler region. So, the stronger attractive
interactions are responsible for a positive contribution to the Soret coeﬃcient. On the contrary
the repulsive interactions lead just to opposite tendencythey force the particles with stronger
interactions to move toward the hot region [40].
In order to perform reliable reservoir simulations, proper initial conditions of the composi-
tion are necessary. Vertical geothermal temperature gradients may be the primary phenomenon
behind compositional variation in some hydrocarbon reservoirs, especially near-critical gas con-
densate ones [4].
Most of the Earth's heat is generated through radio-active decay. In the subsurface, tem-
perature increases with increasing depth because the Earth's inner core is hot, with typical
gradients of about 20K per kilometer (20K km−1) [41]. However, this can vary drastically as
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this depends on both the thermal conductivity of the rock and the thickness of the crust.
Using the general theory of irreversible thermodynamics [35], the equation for the movement
of component A in a binary mixture of A and B with steady-state temperature in 1-D due to
thermal diﬀusion forces is given by
∂cA
∂t
=
∂
∂z
(
cDAB
kT
T
∂T
∂z
)
(2.4)
kT is known as the thermal diﬀusion ratio.
Among other applications, thermal diﬀusion or the Soret Eﬀect is important for the study of
compositional variation in some hydrocarbon reservoirs [4, 42, 43]. Accurate thermal diﬀusion
ratios (kT ) are very diﬃcult to obtain in mixtures. It is however possible to get satisfactory
estimates if the experimental measurements are done in micro-gravity [44].
2.1.4 Diﬀusion in Porous Media
A real reservoir is a porous medium as opposed to free space. In a porous medium, diﬀusion is
reduced because molecules cannot move freely from one pore to another as rock grains obstruct
their motion. Now, they have to move round the pore network.
In a saturated porous medium, the eﬀective diﬀusion coeﬃcient D is given by [45]
D =
Dfβφ
λ
(2.5)
where Df is the diﬀusion coeﬃcient in a free medium, 0 ≤ β ≤ 1 the constrictivity factor to
account for the constricted transport paths, 0 ≤ φ ≤ 1 the eﬀective porosity and λ ≥ 1 the
tortuosity.
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The tortuosity of porous media can be eﬀectively obtained using electrical measurements
[46] and relaxation time NMR methods[47]. In [47] it is inferred that some porous media can
only have a maximum tortuosity of about 1.5. However, typical tortuosity factors found for
real porous solids range between 1.5 and 6 [48]. The multiplication factor βφ
λ
is known as the
diﬀusive resistance. In saturated porous media, the diﬀusive resistance of many non-reacting
solutes is between 0.01 and 0.4 [49], [45]. Due to this uncertainty, in this work we shall use
the diﬀusion coeﬃcient in free space in our simulations, since as we shall see, the equilibrium
composition will not depend on the diﬀusion coeﬃcient. The equilibrium time will depend on
the diﬀusion coeﬃcient, but conclusions are easily drawn from our model whatever value of
diﬀusive resistance we assume, due to the linear relationship between equilibrium time and the
inverse of the diﬀusion coeﬃcient.
2.2 Natural Convection
In addition to diﬀusion, there may be bulk movement due to density gradients. These density
gradients are established by concentration and temperature gradients [35]. When heat is added
to a gas or liquid, it expands, and thus becomes less dense. In the presence of gravity this
change in density induces a change in the body forces. The consequent buoyancy causes the
ﬂuid to move without any externally imposed ﬂow velocity. This kind of movement is called
natural convection. At steady state, its driving force is governed by horizontal gradients in the
density ρ of the mixture [35].
It has been shown that natural convection has signiﬁcant eﬀects on compositional variation
in multi-component, single-phase systems in porous media [43, 50]. The eﬀects of natural
convection can in many cases mix ﬂuids more quickly. Natural convection can result in increased
horizontal compositional variation [51].
With typical geothermal gradients of about 20K km−1 [41], in typical reservoir thickness of
100m or even 300m we can assume constant temperature vertically so that there are not con-
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vective forces due to vertical temperature diﬀerences. With these typical values of geothermal
gradient and reservoir thickness, the change in ﬂuid density with depth due to temperature
diﬀerence is very small so that convection is negligible compared to other eﬀects. Geothermal
gradients also vary with the position of a reservoir, so the convection-free model is even a better
approximation for reservoirs in areas with geothermal gradients less than typical values.
Non-thermal horizontal and vertical density gradients may also cause convection. Density
diﬀerences may be caused by reservoir ﬂuids of diﬀerent densities accumulating in diﬀerent
parts of the reservoir during secondary migration. In hydrostatic equilibrium, vertical density
diﬀerences cause over-turning only when a heavier bulk of ﬂuid lies above a lighter one. In
cases of high permeability, the time-scales over-turning after secondary migration is far less
than that of diﬀusion, so that the system can be modelled as convection-free using the result
of convection as the initial condition
Horizontal density gradients also cause over-turning if they are not countered by hydrostatic
forces. However, we do not deal with convection in this work, assuming that convection mixed
the ﬂuid quickly after secondary migration so that the eﬀects of convection due to both horizon-
tal and vertical density diﬀerences have elapsed in the reservoir, and the vertical temperature
gradients are negligible to induce steady convection.
2.3 Compartmentalization
The connectivity of the oil volume in a reservoir may be partially or completely impeded
by impermeable or low permeability shale barriers or faults. This obstruction is known as
compartmentalization. During the planning of an oil ﬁeld, the connectivity of the oil volume
often appears questionable to petroleum engineers. One may look for possible barriers of ﬂow
within the reservoir if the predicted equilibrium distribution diﬀers much from the composition
of a reservoir, provided the reservoir is supposed to have equilibrated. In some cases where the
time-scales for equilibrium to be achieved are small compared to the time since the reservoir
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ﬁlled, one could compare the predicted compositional distribution at the current age of the
reservoir to the actual compositional distribution observed in the reservoir.
2.3.1 Why Knowledge of Compartmentalization is Important
It is important to know the degree of connectivity of various points in a reservoir or between
wells in order to determine the number of wells needed to recover the oil [52]. Knowledge
of compartmentalization is vital to engineers planning the positions of production and water
injection wells, as any unexpected barriers may make the well less economical [10].
The knowledge of ﬂuid properties before production (pressure, composition, temperature,
density, gas-oil contact (GOC), etc) is important for assessing reservoir connectivity [1013].
England et al. [10] derived an analytical method for estimating the degree of hindrance in
reservoirs which have considerable lateral changes in ﬂuid density. They combine the knowledge
of the geological time since reservoir ﬁlling with the rate of density-driven mixing. Abnormal
pressures may also suggest compartmentalization. Muggeridge et al. [9, 12] present a method of
detecting compartmentalization, consisting of applying mathematical expressions to determine
the dissipation of abnormal pressures. The time-scale for the dissipation of abnormal pressures
can then be compared to the age of the reservoir. Although it may take a year for abnormal
pressures to dissipate, the process can be prolonged to millions of years by permeabilities of
10−19 m2 (= 10−7 Darcy) if the compartment can store ﬂuid at high pressure for that long.
The study documented in [11] concentrates on rates of ﬂuid mixing in reservoirs, in order to
distinguish variations that simply have not yet had time to mix from variations that have had
enough time to mix but did not mix due to compartmentalization. While the majority of past
studies considered whether a reservoir is compartmentalized or not, Smalley et al. [11] and
Muggeridge et al. [9, 12] extend this to investigate how compartmentalized a reservoir is.
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2.3.2 Assessing Reservoir Connectivity
Reservoir continuity can be assessed using wire-line logs, seismic data, ﬂuid contact depths,
production testing, production histories, and/or reservoir descriptions (from core, cuttings and
log data) [53]. This knowledge can help reservoir engineers and geologists plan the production
more economically [53] (when engineering data are not available or when interpretations of
these data are ambiguous due to poor data quality). Engineers may resort to the chemical and
isotopic hydrocarbon compositions of oils or gases if geological, geophysical, and/or engineering
data are either unavailable or are of poor quality [53].
Another method for assessing reservoir connectivity is time-lapse geochemistry (TLG). TLG
is a new technology that enhances the visualization of ﬂuid ﬂow during oil and gas production
by monitoring compositional changes across a reservoir [54]. An example of a ﬁeld where TLG
was used to successfully identify some degree of compartmentalization is the Horn Mountain
oil ﬁeld, deep-water Gulf of Mexico [54].
The chemical constituents of an oil or water might be thought of as a ﬁngerprint and hence
characteristic of a speciﬁc reservoir [55]. Therefore petroleum ﬂuids with identical composition
may be connected. A method (ﬁngerprinting) that identiﬁes sources of oil can also be used to
determine connectivity in oil reservoirs [52, 55].
2.3.3 Frequency and Geological Nature of Barriers in Reservoirs
A combination of processes such as deposition, lithiﬁcation (compaction), diagenesis and struc-
tural deformation make the prediction of inter-well connectivity a very diﬃcult task [56].
A reservoir barrier may be horizontal or vertical. Vertical compartmentalization occurs in a
reservoir when a continuous impermeable layer (e.g. shale) separates a lower unit from an upper
one [57]. The separated units are individually permeable to ﬂow. Lateral compartmentalization
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can occur when impermeable fault zones place themselves next to permeable intervals, and also
when individual channel bodies simply fail to intersect [57]. An example of vertical compart-
mentalization, is the Genesis ﬁeld in the Gulf of Mexico. A barrier may be either static or
dynamic in nature. If boundaries impede ﬂow over a geological time-scale in the reservoir, we
say that there is static compartmentalization. In dynamic compartmentalization, the barriers
do also impede production ﬂow-rates but are permeable relative to geological times [58].
The Genesis Field shows short vertical intervals of diﬀerent thickness. Typical developmental
well-spacing of about 1km suggests that the frequency of horizontal barriers may be in that
order. However, in some reservoirs compartmentalization may be more frequent. For exam-
ple, Miocene ﬂuvial and shore-face reservoirs in the Mioceno Norte area, Venezuela [59], it is
suggested that large volumes of oil are still trapped in poorly-connected sand-stone areas even
at the current well-spacing of 300m. This is an example of horizontal compartmentalization of
relatively high frequency. Another example of well-spacing much less than 1000m is Monument
Butte ﬁeld in Utah where wells are about 400m apart [56].
Our work does not explicitly include compartmentalization, but it provides modelling as close
to a real reservoir as possible, so that more reliable time-scales for mixing and composition
can be predicted for single-phase mixtures in a homogeneous well-connected reservoir where
molecular and gravity diﬀusion are present. Assuming that the correct reservoir initialization
is known, the predicted composition at the age of the reservoir should be compared with the
actual reservoir composition. This is not possible with previous models (e.g. [5, 8, 20, 50])
because they do not provide transient analysis of molecular and gravity diﬀusion. Although
the transient eﬀect of convection and the eﬀect of heterogeneity in permeability has been studied
in 2-D in the presence of gravity and thermal diﬀusion [8], the inﬂuences of gravity/molecular
diﬀusion were not investigated.
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2.4 Compositional Variation in Oil Reservoirs and its Mod-
elling
Attempts have been made in the last two decades to model compositional variation in hydrocar-
bon reservoirs. Most authors have considered the gravitational eﬀect only in a one-dimensional
(1-D) convection-free case [21, 60, 61]. Those studies yielded the conclusion that gravity causes
the heavier components to segregate toward the bottom of the reservoir. Besides gravity, ther-
mal diﬀusion (the Soret Eﬀect) in a 1-D convection-free system has been accounted for in some
studies [42, 62, 63], with an overall observation that thermal and gravity segregation are of the
same order, and that they may have opposing eﬀects.
Some work has been done previously to investigate the combined eﬀects of convection and
diﬀusion, although most of them focus on the onset of stable convection due to vertical insta-
bilities when geothermal gradients are high enough to cause convection, for example [64]. The
ﬁndings in [64] will not be useful in our analysis, as it only investigates whether the ﬂuid is at
rest or moving due to convection.
Other studies have also combined the eﬀect of convection due to horizontal temperature gra-
dients and diﬀusion to study compositional gradients in oil reservoirs. In [65], [66] and [67],
compositional variation in petroleum reservoirs with natural convection due to a horizontal
temperature is studied. Though they neglected thermal diﬀusion, these authors studied many
conditions: multi-component, unsteady conditions, sloping reservoirs, and even two-phase sys-
tems. Riley and Firoozabadi [50] also studied compositional variation in oil reservoirs under the
eﬀect of natural convection and diﬀusion (thermal, pressure and molecular) in a binary, single-
phase ﬂuid occupying a two-dimensional (2D) domain. They showed that a small amount
of convection can cause a signiﬁcant horizontal compositional gradient. This compositional
gradient will be smaller when the simulation is done with a lower permeability [50].
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Further improvement on the work in [50] has been accomplished where the eﬀect of fracture
parameters such as aperture or fracture permeability, fracture intensity, and fracture connectiv-
ity on the composition was investigated in a binary, single-phase ﬂuid in porous media [68]. The
main ﬁndings from their numerical solution are that for large fracture apertures, a pronounced
convective motion within the fracture occurs, but composition in the fracture is only aﬀected
beyond a threshold fracture aperture. Their results also showed that connected fractures, where
convection cells mainly develop, inﬂuence compositional variation more than discrete fractures.
The study of diﬀusion and convection in binary mixtures in porous media has been extended
to multi-component ﬂuids [43] using the second-order-in-space ﬁnite volume method. The work
is limited to single-phase ﬂow. Results show that convection has a very important eﬀect on
compositional variation, even in some cases of weak convection. All previous studies involving
convection in porous media show that convection may aﬀect composition in some reservoirs.
This eﬀect is enhanced in reservoir ﬂuids whose components have very diﬀerent mass densities.
Thermal diﬀusion can cause surprising compositional trends in a reservoir. Unexpected trends
in the segregation of heavier hydrocarbon components from lighter ones have been observed,
with, for example, higher-density ﬂuids on top of lighter ones. This was measured and inter-
preted in the steady-state measurements in a hydrocarbon reservoir (Yufutsu Field, Japan) [4].
It is theoretically explained that heavier components may ﬂoat at the top of the lighter portion
of a mixture when thermal diﬀusion caused by geothermal gradients exceeds gravity diﬀusion
[69].
Until recently, the combined eﬀect of convection and diﬀusion on compositional variation in
two-phase hydrocarbon reservoirs had not been studied, but Nasrabadi [8] has recently devel-
oped a new model to study compositional variation in two-phase multi-component diﬀusion
and convection in porous media. Natural convection resulting from a horizontal component of
the local geothermal gradient was studied in the presence of diﬀusion (molecular, gravity and
thermal) [8], for binary and multi-component mixtures as well as various degrees of heterogene-
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ity and isotropy in single and two-phase systems. The model by Nasrabadi [8] implemented
two types of initial conditions:
• uniform pressure and composition
• pressure and composition from the result of a convection-free model by Ghorayeb et al.
[4].
The results of Nasrabadi [8] were compared to the experimental data of [70] for a packed thermo-
gravitational column saturated with binary and ternary mixtures, and were found to be in good
agreement. Nasrabadi found that thermal diﬀusion had an eﬀect opposite to gravity diﬀusion,
as thermal diﬀusion directed the heavier components toward the cold end of the reservoir, which
happens to be the top. Nasrabadi also observed that permeability and anisotropy increased
compositional variation.
2.4.1 The Need for More Research
We have provided a brief introduction to compositional modelling and the previous work done
in this area. Some of the models were convection-free (e.g. [21, 60, 61]), while others dealt
with both diﬀusion and convection (e.g. [8, 64]). Convection is present when there is a hori-
zontal temperature gradient [8], but a convection-free model is implemented in this work where
isothermal conditions are assumed. This facilitates our investigation of the dynamics between
molecular diﬀusion and gravity diﬀusion. After summarizing previous eﬀorts that are important
to this research, we carry out this research for the following reasons:
• Many investigations to determine steady state hydrocarbon composition in both 1-D and
2-D have been done, but none elaborates on the transient inter-play of various parameters
and ﬂuid properties, nor systematically investigated time to equilibrate as a function of
ﬂuid properties and initial composition.
• The inﬂuence of modelling or neglecting non-ideality in the molecular diﬀusion and/or
gravity diﬀusion has not been studied. The closer a model for molecular and gravity
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diﬀusion of petroleum ﬂuids is to actual reservoir ﬂuids, the more realistic the results of
the simulation will be. Reservoir ﬂuids are real mixtures. However, if a system is almost
ideal, then a lot of eﬀort can be avoided by considering an ideal model.
• Little work has been done to provide a clear and detailed possible answer to the question
posed by Ratulowski et al. [14] after laboratory experiments done in 2003: Why did
they obtain an unexpected ratio between the separation of methane in a ternary mixture
of linear alkanes and the separation in an equivalent mixture where one component is
replaced by an aromatic compound of the same density? Is it because of much higher
excess volumes when alkanes mix with aromatic hydrocarbons? Moreover, looking at their
results for various initial compositions, one wonders why there is a mixture composition
of ternary hydrocarbons which produce a maximum separation of methane? Does this
happen due to some complexities in ternary mixtures, or is this to be expected even in
binary mixtures as well? Can this phenomenon be explained, at least using mathematical
equations? The only paper in literature [14] that investigates this phenomenon does not
provide suﬃcient detail of the thermodynamic modelling and the results are inconclusive.
• Hitherto, the explicit exact steady-state solution to the diﬀusion/gravity-segregation in
a closed reservoir has not been solved. Assuming the mixture is ideal, Firoozabadi [35]
presented only an implicit solution to this problem. For that solution to be of any value,
the steady-state composition of each component must be known at the bottom of the
reservoir [35]. Inspired by the need to have an explicit expression of such a solution, we
also embark on trying to eliminate the need for an a priori knowledge of the steady-state
composition at the bottom.
Answering the above questions led us to model diﬀusion in hydrocarbon mixtures as close to
those in a real reservoir as possible. It will also help us decide which aspects of a real mixture
can be safely approximated as ideal behaviour.
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What Exactly are Ideal Mixtures?
As opposed to a real mixture, an ideal mixture is a mixture which does not show any excess
thermodynamic quantities. Molar volume and molar free energy are examples of intensive
thermodynamic quantities. In an ideal mixture there is no volume change when two or more
substances dissolve in one another to form an ideal mixture [71], so that the molar volume is
exactly equal to a weighted average of the molar volumes of its components. Moreover, in an
ideal mixture, molecules are assumed bounce of each other elastically and without friction, and
the volumes of the molecules are considered negligible with respect to the distance between
them. However, in reality, all these assumptions do not hold as there are intermolecular forces
(due to polarity).
The change in volume due to real mixing of compounds and the loss of energy due to friction
between molecules and inelastic collisions have implications on the chemical potentials in a
mixture. Quantitatively, activity coeﬃcients and excess volumes represent the interactions
between molecules in real mixtures. In nature, we deal with real mixtures whose properties
and dynamics are quite complicated compared to the ideal case, that is why at times models
can beneﬁt from the simplicity of ideal mixtures if this is deemed as a good approximation for
the mixtures in question.
Chapter 3
Mathematical Formulation
In the last paragraph of chapter 2 we explained the diﬀerence between real and ideal mixtures.
We also explained the mechanisms of molecular diﬀusion, gravity diﬀusion, and thermal dif-
fusion in chapter 2. Here, we present the equations for the transient mixing in a 1-D vertical
column of porous rock under the forces of molecular and pressure (gravity) diﬀusion for ideal
and non-ideal single-phase mixtures.
Points of diﬀerent chemical concentrations of component i in a mixture are characterized
by the chemical potential µi. Deviations from ideality are accommodated by modifying the
concentration by an activity coeﬃcient. Therefore, in real mixtures, the chemical potential due
to concentration is a function of activity coeﬃcients (see section 3.1). The chemical potential is
an intensive property and may be thought of as the increase in free energy in the system when
one mole of the ith component is added into an inﬁnitely large quantity of the mixture so that
it does not signiﬁcantly change the overall composition [72].
In pressure or gravity diﬀusion, the chemical potential µi is provided by pressure diﬀerence
which increases the kinetic energy of lighter molecules, so that they move to places of lower
pressure, displacing the heavier molecules. The net result is the gravity segregation of molecules
due to pressure diﬀerences.
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Diﬀusion, a mechanism of transfer of substances through a ﬂuid, has been studied from many
points of view [73] leading to the same equation. We formulate the phenomenon in this report
using the two main points of view: that of Fick [31], and that of Stefan and Maxwell [31]. Fick
applied the idea of Fourier's rate of heat ﬂow which says that the heat ﬂux is proportional
to the spatial gradient of the temperature, to diﬀusion in binary mixtures [73]. The constant
of proportionality depends on the medium and is known as diﬀusivity. On the other hand,
the Stefan-Maxwell concept is based on assuming that component A moves in a mixture of
components A and B, with the resistance to the motion of A proportional to the diﬀerence in
the velocities of A and B [73]. Both points of view result in exactly the same diﬀusion equation.
For simplicity, we begin with binary mixtures which is simply a special case of multi-
component mixtures, and then progress to multi-component mixtures. For binary mixtures
we summarize the Fickian derivation of the ﬂuxes, while for the more general multi-component
mixture we present in detail both the Fickian and Stefan-Maxwell derivations.
The movement of a substance in a ﬂuid is described by the ﬂux, relative to the bulk ﬂow.
The diﬀusion ﬂux JMi , is the number of moles of component i, ﬂowing per unit area of a
surface perpendicular to the direction under consideration, due to a spatial gradient in chemical
potential (µi) of that component. In this work, there is no bulk ﬂow, and we take the upward
direction as positive. We shall develop the equation for molecular diﬀusion and gravity diﬀusion
by means of presenting the ﬂuxes.
3.1 Binary Mixtures
A binary mixture of A and B is the simplest case of a mixture. In this section we present the
derivation of the molecular and gravity ﬂuxes for a binary system.
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3.1.1 Molecular Diﬀusion Fluxes in Binary Mixtures
Taylor and Krishna [24] express a function of the driving force of A, as
dMA = −
xA
RT
∇T,PµA (3.1)
where µA is the chemical potential (J) of A, xA the mole-fraction of A, T (K) the temperature of
the mixture, P (MPa) the pressure, and R the ideal gas constant (J K−1mol−1). Glasstone [74]
provides a detailed discussion on chemical potentials. The minus sign is used here because of
the prior knowledge that this force is directed in the opposite direction of the gradient. Taylor
and Krishna do not include this minus sign in dMA , but it later enters in the ﬂux [24]. Taylor
and Krishna [24] present a derivation for a multi-component system by ﬁrst writing
xA
RT
∇T,PµA = xA
RT
∂µA
∂xA
|T,P,Σ∇xA (3.2)
and using the fact that µA = RT ln γAxA. The derivative is evaluated at constant pressure,
temperature and Σ. The symbol Σ denotes all mole-fractions except that with respect to which
the diﬀerentiation is performed (in this case xA). Then, after expanding and diﬀerentiating,
they obtained
dMA = −Γ∇xA (3.3)
where
Γ = 1 + xA
∂ ln γA
∂xA
|T,P (3.4)
Γ is known as the thermodynamic factor [24].
The molecular diﬀusion ﬂux JMA is given by multiplying d
M
A by cDAB, where c is the molar
concentration of the mixture (of components A and B) andDAB the Fickian diﬀusion coeﬃcient
of component A in component B. This results in the ﬂux due to molecular diﬀusion [31], [24]
JMA = −cDMAB∇xA (3.5)
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The thermodynamic factor is included in the molecular diﬀusion coeﬃcient DMAB. We can
express DMAB as
DMAB = DABΓ (3.6)
Dimensional analysis shows that the expression in equation (3.5) has the units mol.m−2.s−1.
For an ideal binary mixture, Γ = 1. For a detailed derivation of the molecular diﬀusion ﬂux for
a general multi-component mixture, see appendix C, or [24].
3.1.2 Gravity Diﬀusion Fluxes in Binary Mixtures
Irreversible thermodynamics has already been applied to derive an equilibrium equation for
calculating the driving force on each component due to gravity [35]. This was obtained by
deriving the change of the Gibbs free energy (dG) in a gravity ﬁeld. The resulting expression
includes the contribution to the free Gibbs energy G due to the mass displacement of the
components in a mixture. When dG vanishes, the temperature and pressure become constant
and we have the Gibbs sedimentation expression, leading to an expression for the driving force
per mole in a multi-component mixture due to gravity. Firoozabadi [35] explains how to obtain
an expression for the driving force per mole in a multi-component mixture due to gravity for a 1-
D system with only hydrostatic pressure gradient (see appendix F). In this section, we present
the derivation for a binary system based on Firoozabadi's derivation for a multi-component
system.
In a binary mixture of A and B with no bulk movement, there is an exchange of mass nAMA
of A, where nA is the number of moles of component A in motion, and MA is the molar mass
of component A. Chemical work due to gravity (or pressure), µPAdni is done by moving the
mass nAMA to some height dz is contributed to by each mole of component A. Summing the
changes in internal work, expansion, and gravitational work results in [35]
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dG = V dP − SdT +mgdz + (µA +MAzg) dnA (3.7)
where G is the Gibbs free energy (J), U the internal energy (J), m = nAMA the mass (kg) of the
component A in the control volume being considered, P the pressure (Pa), T the temperature
(K), V the volume (m3), S the entropy (J K−1), g is the acceleration due to gravity (m.s−2)
and z the vertical position oriented upward.
At equilibrium, dG must vanish. This is the Gibbs criterion of equilibrium. Therefore, since
z and P are dependent,
dT = 0
µA +MAzg = 0
V dP +mgdz = 0 (3.8)
The second expression of equation(3.8) provides the Gibbs sedimentation expression,
dµA = −MAgdz (3.9)
at isothermal, isobaric conditions.
We can as well write dµA in terms of the independent variables P and xA at constant tem-
perature [35]:
dµA =
(
∂µA
∂P
)
T
dP +
(
∂µA
∂xA
)
P,T
dxA (3.10)
But from many texts in thermodynamics, e.g [35, 74], we know
(dµA = vAdP )T (3.11)
where vA is the partial molar volume of component A.
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Combining equation (3.9), equation (3.10) and equation (3.11), the driving force due to gravity
on each unit mole of component A is given by
(
∂µA
∂xA
)
P,T
dxA
dz
= (ρvA −MA)g (3.12)
The molar ﬂux is obtained by multiplying the driving force per mole by the mobility (DAB
RT
cxA):
JPA =
DAB
RT
cxA
∂µPA
∂z
=
DAB
RT
cxA(ρvA −MA)g (3.13)
where ρ is the mass density of the mixture.
ρ =
M
v
(3.14)
for a binary mixture of components A and B. M and v are the molar mass and molar volume
of the mixture, respectively.
The molar mass M of a binary mixture is given by
M = xAMA + xBMB = xA∆M +MB (3.15)
while the molar volume is
v = xAvA + xBvB = xA∆v + vB, (3.16)
where ∆M and ∆v stand for MA −MB and vA − vB respectively.
3.2 Multi-Component Mixtures
We now consider that instead of having two components, we have N components, where N ≥ 2.
For a binary system, we only need one equation, and for an N -component system we deal
with N − 1 equations. The last equation depends on the rest. These N − 1 equations are
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best written altogether in one vector equation. Therefore while a binary system has only one
diﬀusion coeﬃcient DAB, in a multi-component system this becomes the diﬀusion coeﬃcient
matrix [D], where [D] is a (N − 1)× (N − 1) square matrix.
3.2.1 Generalized Fick's Law and the Stefan-Maxwell Equations for
Molecular Diﬀusion
Taylor and Krishna [24] have shown a derivation of molecular diﬀusion ﬂuxes in detail. For
details of this derivation see appendix C. From that derivation, the multi-component version
of equation (3.5) is
(
−→
JM) = −c[DM ](−→∇x) (3.17)
where c is the total molar concentration,
−→∇x =

∂x1
∂z
∂x2
∂z
.
.
∂xn−1
∂z

(3.18)
−→
JM =

JM1
JM2
.
.
JMn−1

(3.19)
[DM ] =

DM11 D
M
12 ... D
M
1,n−1
DM21 D
M
22 ... D
M
2,n−1
. . ... .
DMn−1,1 D
M
n−1,2 ... D
M
n−1,n−1

(3.20)
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Here, DMij 6= DMji are the Fickian diﬀusion coeﬃcients. [DM ] is given by [DM ] = [B]−1[Γ] =
[D][Γ]. The elements of [B] are functions of the Stefan-Maxwell diﬀusion coeﬃcients Ðij,
( Ðij = Ðji) and for simplicity its inverse is expressed as [D], while the thermodynamic factor
[Γ] is a function of the gradients of the logarithms of the activity coeﬃcients, and is the unit
matrix for ideal mixtures [24]. The activity coeﬃcient γi is a characteristic quantity expressing
the deviation of a solution from ideal thermodynamic behavior due to the presence of component
i. It is related to the thermodynamic factor by [24]
Γij = δij + xi
∂ ln γi
∂xj
|T,P,Σ (3.21)
where the Kronecker delta function is deﬁned by δij = 1 if i = j and δij = 0 otherwise. Equation
3.17 can also be derived using the Stefan-Maxwell equations. Taylor and Krishna [24] provide a
clear derivation of the Stefan-Maxwell equations, while Amundson [75] describes the equations
and how to implement them. From the detailed derivation presented in appendix F, the molar
ﬂux due to molecular diﬀusion is
−→
JM = −c[B]−1[Γ]−→∇x = −c[D][Γ]−→∇x (3.22)
which is the same as equation (3.17) derived by Fick. Hence [DM ] = [B]−1[Γ] = [D][Γ].
3.2.2 Generalized Fick's Law and the Stefan-Maxwell Equations for
Gravity Diﬀusion
Firoozabadi [35] presents the derivation of the force on one mole of each component in a multi-
component mixture caused by gravity diﬀusion. See appendix D for the full derivation. The
3.2. Multi-Component Mixtures 55
gravity force for each component can be written in one vector
−→
F P as
−→
F P =

x1(ρv1−M1)g
RT
x2(ρv2−M2)g
RT
.
.
xn−1(ρvn−1−Mn−1)g
RT

(3.23)
where
ρ =
∑N
i=1 xiMi∑N
i=1 xivi
(3.24)
Hence the multi-component version of equation (3.13) is
−→
JP = c[D]
−→
F P (3.25)
where
−→
JP =

JP1
JP2
.
.
JPN−1

(3.26)
This is analogous to Fick's law.
Taylor and Krishna [24] present the derivation of the Stefan-Maxwell equations, and Amud-
son [75] shows how to implement them. From the detailed derivation of the Stefan-Maxwell
equations presented in appendix F, the molar ﬂux due to gravity diﬀusion is
−→
JP = c[B]−1
−→
F P (3.27)
where
−→
F P is given in equation (3.23). This is exactly the same result as Fick's formulation
(equation (3.25)), since [B]−1 = [D].
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3.3 Non-Ideality
In the presence of molecular diﬀusion and gravity segregation, a real mixture will diﬀer from
an ideal mixture by the presence of excess molar volumes (deﬁned in the next section) diﬀerent
from zero, and/or gradients of the natural logarithms of activity coeﬃcients (γ) with respect
to the mole-fractions, producing a thermodynamic factor (a matrix [Γ]) other than the unit
matrix.
3.3.1 Excess Molar Volumes
The diﬀerence between the molar volume of a real mixture and the molar volume of the ideal
mixture of its composition is known as the excess molar volume of the mixture.
The molar volume of an ideal mixture is given by the weighted average of the molar volumes
of its constituents,
v =
N∑
i=1
xivi, (3.28)
The molar volume of the real mixture, vm, is given by
vm = v + vE (3.29)
where vE is the excess molar volume of the mixture.
Rowlinson [76] has given a detailed mathematical proof and analysis of non-ideal mixing and
mixture properties. From the theory of partial molar properties in thermodynamics [76], it is
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shown that the partial molar volume of component i is
vi ≡
(
∂(nvm)
∂ni
)
T,P,nj 6=i
=

vm +
∂vm
∂xi
−∑N−1j=1 xj ∂vm∂xj for i < N
vm −∑N−1j=1 xj ∂vm∂xj for i = N
(3.30)
where n is the total molar concentration, ni the molar concentration of component i, and N
the total number of components.
A ﬂexible, convenient method of correlating vE for real systems is developed in [15]. This
was done by expressing the excess molar volume as a power series in the mole-fractions (xi).
In this case, the excess volume of a binary mixture of components i and j is given by
vEij = xixj
[
Aij +B(xi − xj) + Cij(xi − xj)2 + ...
]
(3.31)
This is called the Redlich-Kister correlation. The constants can be obtained by ﬁtting with
the experimental values of vEij . If the last term of the inner bracket of vEij is (xi − xj)r, we
say the series is of degree r, or of r-th order. As an approximation, some authors estimate the
overall vE for a multi-component system by summing the vEij of each component. For example,
a ternary system will have excess molar volume
vE ≈ vE12 + vE13 + vE23 (3.32)
Therefore, for more components,
vE =
N∑
j=1
j−1∑
i=1
vEij (3.33)
This is because the other terms are a result of the product of the mole-fractions of three or
more components and hence very small compared to vEij .
However, for a binary mixture, which is the case where we apply excess volumes in this work,
the excess volume is simply exactly equal to vE12 and is not an approximation. The other terms
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only arise with more components.
3.3.2 Activity Coeﬃcients
While non-ideality in the gravity term depends on the excess molar volume, in the molecular
diﬀusion term it depends on the thermodynamic factor [Γ], a function of the gradients of the
natural logarithms of activity coeﬃcients with respect to the mole fractions. [Γ] arises due to
non-ideal chemical potentials.
Analogous to the function dependent of the driving force for a binary mixture (see section
3.1.1), a function of the driving force of component-i is given by [24]
xi
RT
∇T,Pµi = xi
RT
N−1∑
j=1
∂µi
∂xj
|T,P,Σ∇xj (3.34)
where µi is the chemical potential of component i. On substituting µi = RT ln γixi [74], the
expression 3.34 results in
xi
RT
∇T,Pµi =
n−1∑
j=1
Γij∇xj. (3.35)
where γi is the activity coeﬃcient of component i and
Γij = δij + xi
∂ ln γi
∂xj
|T,P,Σ, (3.36)
where δij is the Kronecker delta function (δij = 1 if i = j and equals 0 otherwise). More details
are given in [31] or appendix C.
For illustration purposes, let us use a ternary example to describe the thermodynamic factor.
Using the notation Yij = ∂ ln γi∂xj |T,P,Σ, the Γ-matrix (or thermodynamic factor) for a ternary
mixture is given by
[Γ] =
 Γ11 = 1 + x1Y11 Γ12 = x1Y12
Γ21 = x2Y21 Γ22 = 1 + x2Y22
 (3.37)
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3.4 The Conservation Equation
The principle of conservation mass states that the mass within a closed system stays constant
over time if there are no sources or sinks. Applying to a control volume, the rate of change of
mass within a control volume equals the total in-ﬂux minus the total out-ﬂux. When the driving
mechanisms present are only molecular and gravity diﬀusion, this leads to the separation/mixing
equation.
3.4.1 Separation-Mixing Equation for a Binary Mixture
In a 1-D binary system with only gravity diﬀusion and molecular diﬀusion, where the concentra-
tion gradients are vertical, the molecular diﬀusion ﬂux direction is parallel to the acceleration
due to gravity. The conservation of mass gives
∂cA
∂t
= −∂J
M
A
∂z
− ∂J
P
A
∂z
(3.38)
where cA is the molar concentration of A in a binary mixture with B, JMA is the ﬂux of A due to
the concentration gradient of A, and JPA is the ﬂux of A due to the pressure diﬀerence between
the two components. Therefore, combining equations (3.5) and (3.13), and substituting ρ from
equation(3.14) for an ideal binary system,
∂cA
∂t
=
∂
∂z
(
cDAB
∂xA
∂z
)
− ∂
∂z
[
c
DABg
RT
xA
(
xA∆M +MB
xA∆v + vB
vA −MA
)]
(3.39)
and for a real binary system
∂cA
∂t
=
∂
∂z
(
cDABΓ
∂xA
∂z
)
− ∂
∂z
[
c
DABg
RT
xA
(
xA∆M +MB
xA∆v + vB
vA −MA
)]
(3.40)
where
xA + xB = 1 (3.41)
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Equation (3.39) is just a particular case of equation (3.40) because assuming a mixture is ideal,
vA = vA, vB = vB and Γ = 1.
Just as any diﬀerential or partial diﬀerential equation (PDE), equation (3.40) can apply to an
un-bounded, semi-bounded, or bounded region. In 1-D, the unbounded domain will have both
boundaries at inﬁnity, the semi-bounded domain will have one boundary condition at inﬁnity
and the other at one end of the region. In the bounded domain, we have a boundary condition
at each end. Diﬀerential and partial diﬀerential equation can be set with various boundary
conditions, depending on the physical situation at hand [77]:
1. Dirichlet (or ﬁrst type) boundary condition: speciﬁes the values a solution needs to take
on a boundary of the domain
2. Neumann (or second type) boundary condition: speciﬁes the values that the derivative
of a solution is to take on a boundary of the domain
3. Robin (or third type) boundary condition: is a speciﬁcation of a combination of the values
of a function of its derivative on a boundary of the domain
The boundary conditions of zero total ﬂux in this work falls under Robin boundary conditions.
The boundary conditions in a closed reservoir, thickness H = 2L as in this work, are
Γ
∂xA
∂z
− g
RT
xA (ρvA −MA) = 0 at z = −L and z = L (3.42)
This is a general no-ﬂux boundary condition.
The initial condition is a function xA(z, 0) = x0A of z such that
0 ≤ x0A ≤ 1 ∀z (3.43)
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3.4.2 Multi-Component Separation-mixing Equation
Substituting equations (3.17) and equation (3.27) into equation (3.38) at constant temperature,
we obtain the conservation equation
∂−→c
∂t
=
∂
∂z
(
c[B]−1[Γ]
−→∇x
)
− 1
RT
∂
∂z
(
c[B]−1
−→
F P
)
(3.44)
where −→c is a vector of the molar concentrations of the species, and [B] the matrix whose
elements are given in by (for instance [24, 75])
Bij = − xiÐij (3.45)
Bii =
N∑
j=1,i6=j
xj
Ðij
(3.46)
Note that Ðij are the Stefan-Maxwell diﬀusion coeﬃcients. See appendix F for a detailed
derivation of [B]. The vectors
−→∇x and −→F P are the vectors given in equation (3.18) and equation
(3.23) respectively.
The boundary conditions in a closed reservoir, analogous to the binary case (equation (3.42)),
is
[Γ]
−→∇x− 1
RT
−→
F P = 0 at z = −L and z = L ∀i
(3.47)
The initial condition is a function xi(z, 0) = x0i of z such that
0 ≤ x0i (z) ≤ 1 ∀i, z (3.48)
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3.4.3 Properties of a Segregating Flux
If segregation due to gravity is to take place in a mixture, then the ﬂux must depend on the
concentration in such a way that there is no more ﬂux when complete segregation has taken
place (e.g. in the absence of molecular diﬀusion) . This is true for the gravity ﬂux for mixtures
derived in [35] used this work, as well as the Richardson and Zaki correlation for particle systems
[78].
Consider the property ui of component i in an isolated bounded region. Since no species
can enter or leave the system, if there is a ﬂux that tends to separate the species, some species
will accumulate at one boundary, and others at the other. The property ui would exceed its
threshold if there is enough ﬂux for complete separation. Therefore the ﬂux must be in such a
way that ui does not exceed or go below its threshold values. In the case where this property
is the mole-fraction, 0 ≤ (ui = xi) ≤ 1, gravity should never mathematically cause xi to be
greater than 1 at one boundary or less than 0 in another boundary. Therefore any ﬂux that
causes segregation will naturally have the following properties:
Let a ﬂux such as JPi caused by gravity be written as J(xi)
P , where 0 ≤ xi ≤ 1 is the
mole-fraction of any species i, then we must have
• J(0)P = 0
• J(1)P = 0
3.5 Useful Concepts in Interpreting Analytical and Nu-
merical Solutions
• Equilibrium Time: Equilibrium time is deﬁned in our numerical simulations to be the time
when mole fractions change by less than a speciﬁed amount. This is discussed in more
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detail in Section 5.3. From the reservoir engineering point of view equilibrium has been
reached when the change in composition is no longer measurable by existing methods.
• Equilibrium Composition: This is the composition of the mixture throughout the reser-
voir, at the equilibrium time as deﬁned above.
• Characteristic Time: Characteristic time: sometimes referred to as 'time-scale'. This
refers to the constant by which time is divided in analytical expressions describing the
transient behaviour of a particular process. It describes the initial rate of decay of a system
towards equilibrium in the absence of other interacting processes. Comparing time-scale
for, for example, molecular diﬀusion and natural convection is a way of assessing which
process will be dominant initially (see for example Montel et al. [79]). On the other hand
one can combine the characteristic times of all the transport processes taking place in a
mixture into one time-scale, in order to model a transient analytical representation of the
system (e.g. in the work of Galliéro and Montel [39]) .
Chapter 4
Analytical Treatment
The conservation equation for molecular and pressure diﬀusion (or the separation-mixing equa-
tion, equation(3.40)) has a very nonlinear gravity ﬂux, but any possible analytical examination
of the binary case might be useful to provide
1. a physical insight into gravity segregation
2. solutions to validate/test our numerical models
Polyanin [80] presents an up-to-date collection of exact solutions to a variety of nonlinear
partial diﬀerential equations. Among these are nonlinear parabolic partial diﬀerential equation,
the class of equations where the separation-mixing equation belongs.
4.1 On Exact Solutions to Nonlinear Parabolic Equations
in a Bounded Region
Recall the separation-mixing equation for a real binary mixture, equation (3.40)
∂cA
∂t
=
∂
∂z
(
cDABΓ
∂xA
∂z
)
− ∂
∂z
[
cDABg
RT
xA
(
xA∆M +MB
xA∆v + vB
vA −MA
)]
(4.1)
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which can be written as
∂cA
∂t
=
∂
∂z
(
cDABΓ
∂xA
∂z
)
− ∂
∂z
(
cDABg
RT
fA(xA)
)
(4.2)
where fA(xA) = xA
(
xA∆M+MB
xA∆v+vB
vA −MA
)
Since Γ(xA) and vA(xA) are themselves functions of xA, this equation is too nonlinear to attempt
to solve exactly. However, we can attempt a solution with the ideal case of equation (4.1) where
Γ = 1 and vA = vA is a constant.
∂cA
∂t
=
∂
∂z
(
cDAB
∂xA
∂z
)
− ∂
∂z
[
cDABg
RT
xA
(
xA∆M +MB
xA∆v + vB
vA −MA
)]
(4.3)
Further simplifying it by assuming c and DAB are independent of xA (constant in space and
time), at constant temperature this reduces to
∂xA
∂t
= DAB
∂2xA
∂z2
− DABg
RT
∂
∂z
[
xA
(
xA∆M +MB
xA∆v + vB
vA −MA
)]
(4.4)
Equation (4.4) can be written in the form of equation (4.2)
∂cA
∂t
= DAB
∂2xA
∂z2
− DABg
RT
∂
∂z
fA(xA) (4.5)
where fA(xA) = xA
(
xA∆M+MB
xA∆v+vB
vA −MA
)
If we express equation (4.5) as
∂cA
∂t
= DAB
∂2xA
∂z2
−DAB f˜A(xA)∂xA
∂z
(4.6)
where f˜A(xA) = gRT
∂fA
∂xA
we see that this is a parabolic equation that would clearly belong to the group listed in [80] as
parabolic equations of the form
∂w
∂t
= a
∂2w
∂z2
+ bf1(w)
∂w
∂z
+ f2(w) (4.7)
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where a and b are constants, and f1 and f2 functions in w. In our case, f2(w) = 0).
The initial condition is that 0 ≤ xA ≤ 1 at all points along z is a smooth function of z, or a
step-function with respect to z. The zero ﬂux boundary condition (see equation 3.42)) is
∂xA
∂z
− g
RT
∂
∂z
fA(xA) = 0 at z = −L and z = L (4.8)
Polyanain [80] presents exact solutions to nonlinear parabolic equations of the form of equation
(4.7). However, those are travelling-wave solutions which are only suitable for semi-ﬁnite and
inﬁnite space and do not apply to the boundary conditions imposed in this work. This is
because travelling-wave solutions, as the term suggests, keep travelling to inﬁnity.
In this section (section 4.1), we make certain assumptions that simplify equation (4.6) into its
simplest non-trivial form, namely, Burger's equation. Then we attempt to solve it analytically
with no-ﬂux boundary conditions as is required in this work.
A New Occurrence of Burger's Equation
Burger's equation is a fundamental partial diﬀerential equation that arises in various areas
of applied mathematics: modelling of gas dynamics, granular chutes and traﬃc ﬂow. In this
work, we discover an additional area where Burger's equation arises: molecular dynamics. In
this work, it is shown that in a single-phase binary mixture of hydrocarbons under gravity,
Burger's equation applies with certain mixtures or assumptions.
Burger's equation can be obtained from equation (4.4) by assuming equal molar volumes of
the components (i.e. vA = vB and ∆v = 0) in an ideal binary mixture. Then
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(
xA∆M+MB
xA∆v+vB
vA −MA
)
=
(
xA(MA−MB)+MB
vA
vA −MA
)
= xAMA − xAMB +MB −MA
= MA(xA − 1)−MB(xA − 1)
= (xA − 1)(MA −MB) = (xA − 1)∆M
(4.9)
Applying this simpliﬁcation, equation (4.4) becomes a Burger-type equation
∂xA
∂t
= DAB
∂2xA
∂z2
− DABg
RT
∆M
∂
∂z
[xA (xA − 1)] (4.10)
Applying the transformation
uA = 2xA − 1, (4.11)
we obtain the derivatives
∂uA
∂t
= 2∂xA
∂t
∂uA
∂z
= 2∂xA
∂z
∂2uA
∂z2
= 2∂
2xA
∂z2
(4.12)
If we substitute the derivatives of xA in equation (4.10) with those of uA, we obtain
∂uA
∂t
= DAB
∂2uA
∂z2
− DAB∆Mg
RT
uA
∂uA
∂z
(4.13)
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which can be written as
∂uA
∂t
= DAB
∂2uA
∂z2
− DAB∆Mg
2RT
∂u2A
∂z
(4.14)
Equations (4.13) and (4.14) are the un-normalized Burger's equation [80]. For simplicity, let
us drop the subscript A when dealing with Burger's equation. This can be normalized in the
following way: Let 
t = τ
α
and
z = z˜
β
(4.15)
where α and β are as yet unspeciﬁed normalizing constants. Substituting t and z by τ and z˜
respectively in equation (4.13) we obtain
αuτ = DABβ
2∂
2u
∂z˜2
− βDAB∆Mg
2RT
∂
∂z˜
u2 (4.16)
If we choose the normalizing constants as

β =
gDAB∆M
RT
DAB
= g∆M
RT
and
α =
(
gDAB∆M
RT
)2
DAB
= DAB
(
g∆M
RT
)2
= DABβ
2
(4.17)
we obtain, after simpliﬁcation, the standard Burger's equation [81]
∂u
∂τ
=
∂2u
∂z˜2
− 1
2
∂
∂z˜
u2 (4.18)
The initial condition of the original equation is also transformed by equation (4.11) to
u (z˜, 0) = 2x0A − 1 = u0(z˜) (4.19)
The Robin boundary condition of zero total ﬂux for equation (4.16) is given by
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∂u
∂z˜
− u
2
2
= 0 at

z˜ = −βL
and
z˜ = βL
(4.20)
Previous Work on the Exact Solution to Burger's Equation
Burger's equation is an over-simpliﬁcation of the separation-mixing equation. However, a tran-
sient analytical solution of Burger's equation in a conﬁned region might inspire a transient
analytical solutions to the separation-mixing equation for our boundary conditions. We have
shown in section 4.1 that Burger's equation is the simplest non-trivial form of the separation-
mixing equation (equation (3.40)). Exact solutions of various nonlinear parabolic equations (e.g
equation (3.40) and Burger's equation) are found in [80], for inﬁnite and semi-ﬁnite regions.
The Cole-Hopf transformation [82] is a widely used method that transforms Burger's equation
and its boundary and initial conditions into the linear diﬀusion equation. This makes it easier
to solve exactly. Previously, Wood [83] applied the Cole-Hopf transformation [82] in a bounded
region, but only homogeneous Dirichlet boundary conditions (uA = 0) were applicable to both
boundaries. Majid and Ranasinghe [84] recently solved Burger's equation in a bounded region
0 ≤ z ≤ L with time-dependent Dirichlet conditions using the Cole-Hopf transformation, with
initial condition
u(z˜, 0) = u0(z˜) (4.21)
and time-dependent Dirichlet boundary conditions
u(0, t) = F0(t)
and
u(βL, t) = F1(t)
(4.22)
The boundary conditions stated in equation (4.22) are not the boundary conditions applied in
this work, so the solution from [84] does not suite our purpose.
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Since we are not familiar with any method that can solve the simplest and over-simpliﬁed case
(i.e. Burger's equation) of the transient separation-mixing equation analytically, are compelled
to use numerical methods when seeking transient solutions for the separation-mixing equation.
Besides, even if Burger's equation could be solved analytically with our boundary conditions, it
is not the equation of interest in this work because it is an over-simpliﬁcation of the separation-
mixing equation; principally because we assumed that the molar volumes of the two components
are equal.
4.2 A New Analytic Steady State Solution of an Ideal
Multi-component Mixture
Although the transient analytic solution to the real mixture separation-mixing equation (equa-
tion (3.44)) has not been found, the analytic solution for the steady-state of the ideal multi-
component mixture can help us interpret and validate some of the conclusions from a numerical
solution.
Firoozabadi [35] derives an implicit steady-state solution to the ideal separation-mixing equa-
tion. For a reservoir of height 2L where −L ≤ z ≤ L, the steady-state mole-fraction xi(−L) of
each component at the top of the reservoir from equation (3.44) for an ideal mixture has been
found for ideal mixtures, provided the steady-state mole fraction of each component at the
bottom is known [35]. The steady state of equation (3.44) for an ideal mixture can be obtained
by integrating from z = −L where xi = xi(−L) to z = L where xi = xi(L). That is, we write [35]
RT
xi
dxi
dz
= (ρvi −Mi)g (4.23)
and integrate to obtain the steady-state solution at the top of the reservoir [35]
xi(L) = xi(−L)e
ρavvi−Mi
RT
2gL (4.24)
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Here, ρ is a function of z and ρav is the average density of the mixture along the liquid column.
If we deﬁne
Θi =
ρavvi −Mi
RT
g (4.25)
then
xi(L) = xi(−L)e2ΘiL (4.26)
Let us see if we can do this integration to obtain an expression for xi anywhere in the reservoir.
Now, instead of from −L to L, let us integrate equation (4.23) from −L to any point z. Then
the steady state at any point along the vertical thickness of the reservoir is given implicitly by
xi(z) = xi(−L)e
∫ z
−L ρvidz−Mi(z+L)
RT
g (4.27)
However, we do not know the value of
∫ z
−L ρdz except when z = L. When z = L, equation
(4.27) is equal to equation (4.26) and we know the value of ρav.
Equation (4.26)and (4.27) can only be used only if the composition at the bottom (or top)
of the reservoir is known. Here we show that by applying conservation of mass in the entire
reservoir to equation (4.27), an explicit steady-state solution to equation (3.44) for an ideal
mixture can be found analytically without any prior knowledge of the steady-state composition
at the top or bottom of the reservoir. This new explicit solution for the steady-state at the
boundaries is an enhancement to the implicit steady-state solution for the top of the reservoir
presented in [35]. The new analytical steady-state solution is exact for the top and bottom of
the reservoir.
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Applying Mass Conservation to Obtain a new Explicit Steady-State
Solution to the Ideal Separation-Mixing Equation
The total number of moles of each component in an isolated reservoir stays constant regardless
of the proﬁle at any time, so that
∫ L
−L
c(z)xi(z)dz =
∫ L
−L
c(z)xi(−L)e
∫ z
−L ρvidz−Mi(z+L)
RT
gdz =
∫ L
−L
c(z)x0i dz, (4.28)
where x0i (z)
1 is the initial mole-fraction of component i and c(z) is molar concentration. Inte-
grating gives us
∫ L
−L cxi(−L)e
∫ z
−L ρvidz−Mi(z+L)
RT
gdz = xi(−L)
(
cRT
(ρvi−Mi)g
∣∣∣∣∣
z=L
e2ΘiL − cRT
(ρvi−Mi)g
∣∣∣∣∣
z=−L
e0
)
...
− ∫ L−L xi(−L) ∂c∂z RT(ρvi−Mi)gdz
(4.29)
But since ρ does not vary much along the reservoir, and moreover, sinceMi is constant through-
out the reservoir, we can take RT
(ρvi−Mi)g ≈ 1Θi and c to be approximately constant. Therefore
∫ L
−L
x0i dz =
∫ L
−L
xi(−L)e
∫ z
−L ρvidz−Mi(z+L)
RT
gdz ≈ xi(−L)
Θi
(
e2ΘiL − 1
)
, (4.30)
and
xi(−L) ≈ Θi
∫ L
−L x
0
i dz
(e2ΘiL − 1) , (4.31)
and thus
xi(z) ≈ Θi
∫ L
−L x
0
i dz
(e2ΘiL − 1) e
(z+L)Θi . (4.32)
1when initial conditions are not uniform, x0i (z) is easier to be taken as the average distribution of the initial
condition in space, so this is constant for both uniform and non-uniform initial conditions
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if the density diﬀerence does not vary much so that
∫ z
−L ρvidz−Mi(z+L)
RT
g ≈ Θi × (z + L).
Since x0i (z) is uniformly distributed along the reservoir (x
0
i = constant), we obtain
xi(z) ≈ Θi2x
0
iL
(e2ΘiL − 1)e
(z+L)Θi . (4.33)
4.3 Expression for Separation
The degree of separation expresses the impact of gravity diﬀusion, so here we deﬁne separation
as a way of characterizing the relative importance of molecular diﬀusion and gravity diﬀusion
on the ﬁnal steady-state proﬁle.
We will deﬁne separation using the composition at the top and bottom of the reservoir. This
is given by 2
Si =
xi(L) − xi(−L)
2
, (4.34)
where xi(L) is the mole-fraction of component i at the top of the reservoir, and xi(−L) at the
bottom. The separation (either si or Si ) is a measure of the vertical compositional gradient in
the reservoir.
Substituting equation (4.26) into equation (4.34),
Si ≈ 1
2
(
xi(−L)e2ΘiL − xi(−L)
)
(4.35)
and then substituting xi(−L) with its explicit expression in equation (4.31) and simplifying, we
have
Si ≈ Θi
2
∫ L
−L
x0i dz (4.36)
2we divide by two because the curve of the steady-state composition as we shall see always crosses the space
axis at the center of the reservoir
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for any initial compositional proﬁle x0i (z),
or
Si ≈ Lx0iΘ (4.37)
for uniform initial conditions x0i = constant. These are approximate expressions for the sep-
aration. This implies that the separation of component i increases with reservoir thickness
(H = 2L) and the diﬀerence between the mean density of the mixture over the entire reservoir
times the molar volume of component i and the mass of that component (ρavvi−Mi). The sep-
aration does not merely increase with initial mole fraction x0i , because ρavvi−Mi also depends
on x0i , so it is nonlinear in x
0
i .
A Note on Real Mixtures in Terms of the Thermodynamic Factor
We now suggest a criterion where a version of equation (4.26) can be applied to real mixtures
in terms of the thermodynamic factor. In real mixtures where the thermodynamic factor [Γ]
is not a unit matrix, if the diagonal elements of [Γ] are large compared with the oﬀ-diagonal
ones, and also if they are fairly constant in the range of concentrations which the transient
solution takes, then we can approximate [Γ] to be a diagonal matrix with constant elements.
Then equation (4.23) for real mixtures is
Γii
RT
xi
dxi
dz
≈ (ρavvi −Mi) (4.38)
is solvable, which is integrated from z = −L to any z to obtain equation
xi(z) ≈ xi(−L)e
Θ
Γii
(z+L) (4.39)
However, this expectation of the Γ matrix to be close to diagonal does not seem realistic as we
can see later when we look at the matrices for the ternary mixtures we study in this work.
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However, if [Γ] is not approximately a constant diagonal matrix, but still the elements are
approximately constant within the range of concentrations in the transient solution, [Γ] needs
to be inverted. In this case a vector/matrix equation is obtained after the diﬀusion coeﬃcient
matrix [D] cancels out. The vector version of equation 4.23 is
[Γ]
d
dz
ln(−→x ) ≈ −→f (4.40)
where the ith element of
−→
f , neglecting excess volume, is a function of the average of the dfensity
over the reservoir. The vector
−→
f is given by
−→
f =

Θ1
Θ2
.
.
Θn−1

(4.41)
If we now invert [Γ] and integrate, we obtain
ln−→x ≈ [Γ]−1−→F P z +−→k (4.42)
where
−→
k is a vector constant of integration. Now, let us expand and express equation (4.42)
element by element, i.e for each species:
lnxi ≈
N−1∑
j=1
(Γ−1ij fj)z + ki (4.43)
Hence similar to the manner in which equation (4.26) was obtained, if the integration is per-
formed from −L ≤ z ≤ L, we obtain
xi(L) ≈ xi(−L)e
∑N−1
j=1
(Γ−1ij fj)2L (4.44)
where N is the number of components, Γ−1ij an element in the i, jth position of [Γ]
−1 and fj is
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the jth element of
−→
f . Therefore in these analytical results, anywhere we ﬁnd Θi for an ideal
mixture, we replace it with
∑N−1
j=1 (Γ
−1
ij fj) for the real mixture.
Comment on Steady-State
The above steady-state solution is only valid:
• for a multi-component mixture when ideality is assumed in terms of both excess volumes
and thermodynamic factor, i.e vi = vi and [Γ] is the unit matrix.
• for real multi-component mixtures if the excess volumes are so small that they have
negligible inﬂuence on the solution, and if the actual thermodynamic factor [Γ] can be
approximated as a diagonal matrix with Γii = constant, then the full matix/vector form
of equation (4.38) is solved, after the diﬀusion matrix [D] (see section 3.2.1) cancels out.
We will have a similar result the ideal case (equation (4.33)), except that where ever we
have Θi in equation (4.33) we replace it with ΘiΓii .
• If [Γ] cannot be approximated to a diagonal, but [Γ] is approximately constant over time,
then the full matrix/vector form of equation (4.38) is solved, and still the diﬀusion matrix
[D] cancels out. Then the matrix [Γ] needs to be inverted (see equations (4.40)-(4.44)).
Comment on the Relative Importance of the Gravity and Molecular
Diﬀusion Terms
Although only the steady-state exact solution has been found in this work, a brief analysis
concerning timescales can be done.
Montel et al. [79] published rough approximations for the molecular diﬀusion and convection
time-scales, tiD and tc respectively, in order to check which process dominated. We have applied
dimensional analysis to derive the time-scale for gravity segregation, tiP , analogous to tc.
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Dimensional analysis to obtain tiP is done (if the diﬀusion coeﬃcient matrix is a diagonal
matrix) by ﬁrst writing the gravity term of the separation-mixing equation for a binary mixture
(equation (3.40)) as
Dig
RT
∂
∂z
[xi (ρvi −Mi)] = Dig
RT
∂
∂xi
[xi (ρvi −Mi)] · ∂xi
∂z
(4.45)
bearing in mind that Dig
RT
∂
∂xi
[xi (ρvi −Mi)] is the advection speed for each component. This
has the dimensions of velocity. Therefore, just as in the case of convection [79], the time-
scale for gravity segregation is obtained by dividing the length of the reservoir by this speed 3.
Consequently for component i,
tiP =
HRT
Dig
∂
∂xi
[xi (ρvi −Mi)]
(4.46)
Since we use a binary mixture to illustrate this numerically, we ﬁnd time-scale for this simple
case. For a binary mixture, the diﬀusion coeﬃcient DAB is a scalar so we do not have to
diagonalize it. For an ideal binary mixture ρ = xA∆M+MB
xA∆v+vB
, and hence
DAg
RT
∂
∂xA
[xA (ρvA −MA)] = DAg
RT
[
(ρvA −MA) + xAv1(∆MvB −∆vMB)
(xA∆v + vB)2
]
(4.47)
We have the following table for the time-scales for various transport processes:
Table 4.1: Rough estimate of time-scales
Process Time-scale comments
Molecular Diﬀusion tAD =
H2
DAB
see [79]
Convection tc = ηHρg(θ4T−χ4P ) sinβ see [79]
Gravity Diﬀusion tAP =
HRT
DAg
[
(ρvA−MA)+xAv1(∆MvB−∆vMB)(xA∆v+vB)2
] by dimensional analysis
When comparing the time-scales for each process to determine which is more signiﬁcant, it is
convenient to use DAB and ρvA −MA at t = 0. However, when estimating the time-scale to
3strictly speaking, dividing by the magnitude of the advection velocity
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achieve equilibrium it is more appropriate to use the values of DAB and ρvA −MA at steady
state, as the late time properties change very slowly.
In the above expressions, η, θ, 4T , χ, 4P and β are the dynamic viscosity, thermal ex-
pansion, vertical temperature gradient, compressibility, vertical pressure gradient and angle
between the gravity and temperature gradient [79].
In general, it does not matter what the values of Di are, if we simply need
tiD
tiP
, as the Dis will
cancel out. We can use the following points to decide which process dominates the system:
• if tiD
tiP
=
Hg ∂
∂xi
[xi(ρvi−Mi)]
RT
is very large for all i,one knows that there will be almost total
separation because gravity dominates.
• if tiD
tiP
=
Hg ∂
∂xi
[xi(ρvi−Mi)]
RT
≈ 1 for at least one i, molecular and gravity diﬀusion have equal
importance.
• if tiD
tiP
=
Hg ∂
∂xi
[xi(ρvi−Mi)]
RT
is very small for all i, then molecular diﬀusion dominates. This
case is the one observed in the mixtures considered in this work. For instance, for
the methane/undecane binary mixture, at T = 373K and P = 68MPa, with an ini-
tial condition of equal uniform mole-fractions (and properties from table 5.2), we obtain
tD
tP
=
Hg
[
(ρvA−MA)+xAv1(∆MvB−∆vMB)(xA∆v+vB)2
]
RT
= 0.02 for a reservoir height of H = 2L = 304.8m.
This indicates that gravity is important but molecular diﬀusion is dominant.
A Note on Approximating the Separation for Real Mixtures
The expression for separation (equation 4.37) has been derived for mixtures which are considered
ideal, in terms of both excess volumes and the thermodynamic factor. Supposing excess volumes
are negligible, but [Γ] is not a unit matrix. However, supposing [Γ] can be approximated to
a diagonal matrix with constant coeﬃcients (see equation (4.39). Then for a uniform initial
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composition the separation (analogous to equation (4.37)) takes the form
Si ≈ x
0
iΘi
ΓiiRT
(4.48)
However, if [Γ] is not approximately a constant diagonal matrix, but still the elements are
approximately constant within the range of concentrations in the transient solution, [Γ] needs
to be inverted. It has already been illustrated in equation (4.44) that anywhere we ﬁnd Θi
in the expression for Si for a real mixture, we replace by
∑N−1
j=1 (Γ
−1
ij fj) for the ideal mixture,
where fj = Θj. Hence the separation of component i in the case where [Γ] is neither a unit
matrix nor approximately a diagonal matrix is given by
Si ≈ Lx0i
N−1∑
j=1
Γ−1ij fj (4.49)
or
Si ≈ Lx0i
N−1∑
j=1
Γ−1ij Θj (4.50)
4.4 Initial Mole-Fraction for Maximum Separation for Bi-
nary Mixtures
Plots by Ratulowski et al. [14] show a nonlinear dependence of the separation of a ternary
mixture on the composition, with the separation reaching a maxima at a certain initial com-
position. Let us investigate mathematically if this phenomenon also occurs in binary mixtures,
so that we may explain why such a maxima was obtained in [14].
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Now that we have an explicit expression for the separation, we can now diﬀerentiate it to
ﬁnd the initial constant mole-fraction which produces maximum separation:
∂Si
∂x0i
= 0 (4.51)
which leads to
L
(
Θi + x
0
i
∂Θi
∂x0i
)
= 0 (4.52)
and consequently
(ρavvi −Mi) g
RT
+ x0i
∂ (ρavvi−Mi)g
RT
∂x0i
= 0 (4.53)
where ρav is the average mixture density throughout the reservoir. If the initial composition is
uniform throughout the reservoir, then
ρavvi =
∑N
i=1 x
0
iMivi∑N
i=1 x
0
i vi
(4.54)
For a binary mixture, substituting equation (4.54) for ρavvi in equation (4.53) for component
1, and simplifying , we obtain a quadratic equation
(x01)
2 + px01 + q = 0 (4.55)
where x01 is the initial (uniform) mole-fraction of component 1,
p =
2v2
4v (4.56)
and
q = −p
2
(4.57)
We ﬁnd
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x01 =
−p±√p2 − 4q
2
(4.58)
where 0 ≤ x01 ≤ 1. Substituting p and q from equation (4.56) and equation (4.57) into equation
(4.58) respectively and simplifying, we obtain
x01 =
v2
4v
(
−1±
√
v2
4v + 1
)
(4.59)
where 0 ≤ x01 ≤ 1. Therefore, for an ideal binary mixture with a uniform initial composition,
x01 (the initial mole-fraction that will give the maximum steady-state separation) depends only
on the molar volumes of the components. Note that the solution has two roots, but only one
is valid, since there is only one composition for a binary (from observation) that yields the
maximum separation. The other root is not valid since it lies outside the range of possible
mole-fractions 0 ≤ x01 ≤ 1. Using this new formula, for the methane/undecane binary mixture
at T = 373K, P = 68MPa, we ﬁnd that x01 ≈ 0.64 which is the same as the numerical solution.
Chapter 5
Numerical Method
As equation (3.44) cannot be solved analytically, we had to write a computer program to solve
this numerically. We implement the ﬁnite volume method in a reservoir of thickness H = 2L,
where the spatial position is −L ≤ z ≤ L. At each time-step we ﬁrst solve for xi which is the
mole-fraction from the ﬁrst term of the equation which involves only molecular diﬀusion, and
then use that to solve for the ﬁnal xi in the second half which is gravitational diﬀusion. In
order to do this, we have to set boundary conditions for each part of the process. Hence at
each boundary we have
JMi + J
P
i = 0 at z = −L and z = L (5.1)
where JMi and J
P
i are the molecular diﬀusion and gravity diﬀusion ﬂuxes, respectively.
5.1 Finite Volume Method
An attempt was ﬁrst made to use the ﬁnite diﬀerence method but the resulting mass conser-
vation could not be maintained with suﬃcient accuracy. Therefore, since the ﬁnite volume
method ensures mass conservation within each computational cell, we resorted to the ﬁnite
volume method. The average molar concentrations
−−−→
ck+1av
j+12
located at the center of the grid cell
is sort. The numerical (ﬁnite volume) equation to be solved is
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−−−→
ck+1av
j+12
−−−−→ck+1av
j+12
δt
= −

(−→
JM +
−→
JP
)k
j+1
−
(−→
JM +
−→
JP
)k
j
δz
 (5.2)
The for npts grid-points, the boundary condition of zero total ﬂux is implemented as
−→
JM
k
0 +
−→
JP
k
0 =
−→
0 and
−→
JM
k
npts−1 +
−→
JP
k
npts−1 =
−→
0
(5.3)
where k signiﬁes time-step, δz the time-step size, δz the grid-size and j grid point, and
−−−→
ck+1av
j+12
is
a vector whose entries are the average molar concentrations of each component in the grid cell
between the boundaries j and j + 1, at the kth time-step. The molecular diﬀusion ﬂux vector
(
−→
JM) and gravity diﬀusion ﬂux vector (
−→
JP ) are the values at the grid points (nodal values),
and are obtained from equation (3.17) and (3.25) respectively.
At grid point j at any time, we have
−→
JM
k
j =
−→
JM
k
j (c
k
j , x
k
j− 1
2
, xkj+ 1
2
) (5.4)
and also
−→
JP
k
j =
−→
JP
k
j (c
k
j , x
k
j ). (5.5)
where −→0 is a vector whose elements are each equal to zero.
To make our coding easier to debug, we created a separate function for each transport
mechanism and performed the molecular diﬀusion and then the gravity diﬀusion with separate
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no-ﬂux boundary conditions. At each time-step, we have
−−−→
c∗k+1av
j+12
− = −−−→ckav
j+12
− δt

−→
JM
k
j+1 −
−→
JM
k
j
δz
 (5.6)
and then
−−−→
ck+1av
j+12
− = −−−→c∗k+1av
j+12
− δt

−→
JP
k
j+1 −
−→
JP
k
j
δz
 (5.7)
Equations (5.6) and (5.7) are equivalent to just performing both transport mechanisms in one
go in equations (5.2) and (5.3) since all the ﬂuxes are obtained from data at time-step k.
The ﬂux of each transport mechanism each boundary is set to zero which does not necessarily
mean their sum is zero at the boundary. However, they are summed in equation (5.7) at the
same time-step which is identical to the sum of the ﬂuxes of both transport mechanism at the
boundaries being zero.
After each time-step for both operations, the new average value of the vector of molar con-
centrations (
−−−→
c∗k+1av
j+12
at the center of each grid-cell) are then linearly extrapolated to obtain the
nodal values (
−−→
ck+1j and
−−→
xk+1j ), so that the new nodal ﬂuxes
−→
JM
k+1
j and
−→
JP
k+1
j can be computed,
and the process is repeated.
5.2 Numerical Stability / CFL condition
A numerical solution to a practical problem might sometimes result in unrealistically larger and
larger values as time evolves (i.e. instability), due to the use of inappropriately large time-steps
for the given grid-size. Each ﬁnite-diﬀerence or ﬁnite-volume scheme for a particular equation
has a maximum safe value of the ratio of the time-step (δt) to a power function of the grid-
size ((δz)β), where β is the order of the partial diﬀerential equation with respect to z. This
condition is is known as the CFL condition or stability criterion [85]. A very useful technique
for analyzing the stability of a ﬁnite diﬀerence/volume method is the Fourier method [86]. In
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this work, this technique has been applied to ﬁnd the stability criteria for both the molecular
diﬀusion process and the gravity diﬀusion process.
For binary molecular diﬀusion of any quantity u in 1-D
∂u
∂t
= D
∂2u
∂z2
, (5.8)
the stability criterion is [86]
Dδt
(δz)2
≤ 1
2
× 0.8 (5.9)
For the advection of any quantity u in 1-D
∂u
∂t
= −a∂F (u)
∂z
, (5.10)
the stability criterion is [86]
Aδt
δz
≤ 1× 0.8 (5.11)
where A = a∂F
∂u
is the advection speed of the property quantiﬁed by u.
While the diﬀusion coeﬃcient and advection speed are scalars for a binary mixture, for a
multi-component mixture these are matrices and vectors (since N − 1 equations need to be
solved). This is seen in the separation-mixing equation, equation (3.44). Equation (3.44) states
∂−→c
∂t
=
∂
∂z
(
c[DM ]
−→∇x
)
− 1
RT
∂
∂z
(
c[D]
−→
F P
)
(5.12)
where [B]−1 = [D] and [DM ] = [D][Γ]. The vectors
−→∇x and −→F P are the vectors given in equation
(3.18) and equation (3.23) respectively.
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Hence for multi-component molecular diﬀusion, the CFL condition is
δtD ≤ (δz)
2
2Dmax
(5.13)
where Dmax is the largest absolute value of the entries of the molecular diﬀusivity matrix [DM ]
among all the spatial points, and δtD is the maximum stable time-step for molecular diﬀusion.
Similarly, for multi-component gravity diﬀusion, the CFL condition is
δtP ≤ δz
Amax
(5.14)
where Amax is the largest value ( L∞ norm) of the vector 1RT [D]
∂
−→
F P
∂xi
among all the spatial
points (i.e advection speed) of the current time-step and δtP the time-step to be predicted
for pressure/gravity diﬀusion. δz is the constant grid-spacing for the entire simulation. The
time-step chosen is ﬁnally δt = min(δtD, δtP ). This condition gives very reliable time-steps and
has guaranteed stability.
5.3 Equilibrium / Stopping Criterion
The quantity used to determine when the system approaches equilibrium is the percentage
change κk = 100
∑npts
j=1 (x
k
j−xk−1j )∑npts
j=1 x
k−1
j
%, where xkj is the mole-fraction of a particular component at
grid-point j and at time-step k, and npts is the number of grid-points.
The program assumes equilibrium if this value is equal or less than the stopping value κ∞.
In the simulations, κ∞ = 2.5×10−5%. This was found by ﬁrst using a larger value and plotting
κk versus time, and gradually reducing κ∞ to repeat the whole process. We saw that the ﬁrst
trial value of κ∞ terminated the execution well before equilibrium, because the curve plotted
did not end with any ﬂat region. As we gradually reduced κ∞, we found a value that resulted
in a curve which began to level out just when the program terminated. This value was found
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to be consistent with both binary and ternary mixtures. As an example, ﬁgure 5.1 shows the
values of κk against time, for the methane-undecane mixture (H = 304m, 373K and 68MPa).
Figure 5.1: The rate of change κk of the sum of the deviation from each previous time-step
for the methane/undecane mixture at 373K and 68MPa in a reservoir of thickness H = 304m,
starting from an initial condition of equal and uniform mole fractions.
The accuracy of ﬂuid compositional analysis may depend upon the type of stock-tank oil present
in a ﬂuid sample, the apparatus, and technique. Ratulowski at al expressed their measurements
of mole-fraction to 3 decimal places. Using double precision ﬂoating point which have a precision
of about 16 decimal digits, the numerical stopping criterion compares the mole-fractions to
about 8 decimal places in order to ensure equilibrium. Considering 8 decimal places, it is
clear that our stopping criterion will result in larger equilibrium times since it waits until
the solution advances somewhat toward the asymptote. However, ﬁgure 5.1 shows that the
stopping criterion terminates the program just when it just starts to asymptote. Although the
equilibrium time is consequently larger than if laboratory accuracies of 3 decimal places were
used, the stopping criterion avoids not-so-practical equilibrium times by not letting the system
advance too far toward the asymptote.
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5.4 Mass Conservation in the Numerical Method
In the numerical method, we apply the concept of conservation for two reasons. The ﬁrst is the
conservation of the number of moles of each component in the whole closed reservoir, in order
to ascertain that no material is lost or gained from t = 0 through each time-step to steady
state. Secondly, we need mass conservation in order to invert the matrix [B] to obtain the
diﬀusion coeﬃcient matrix [75]. See for instance section 3.2.1 where this matrix is applied, or
appendix F for a detailed derivation of [B] and its implementation.
5.4.1 Total number of Moles of Each Component in the Reservoir
The numerical calculation of total number of moles at each time-step for component i is
A
npts∑
j=1
cjxijδz (5.15)
where A is the constant cross-sectional area of the reservoir taken to be 1, cj the total molar
concentration (mol .m−3) at grid-point j, δz the constant grid-size, xij the mole-fraction of
component i at grid-point j, and npts the total number of grid-points. For an ideal mixture,
the mass is perfectly conserved in the model, and the mass change (i.e. change in number of
moles) from the original mass stays at 0%. However, for a real mixture with respect to excess
molar volumes, in order for the change of mass to be 0%, the physical system would have to
expand at some points and contract at others as time evolves, due to the dependence of the
partial molar volumes on mole-fraction. This was not considered in this work. This would
require solving for the pressure and compressibility. It would add signiﬁcantly to the numerical
complexity and hence execution time, since each unit volume changes size due to excess molar
volumes. Instead, we have used constant grid-sizes even for real mixtures. For real mixtures,
the percentage mass change from the initial condition is only 0.001% even when much larger
(hypothetical) excess volumes were used (see ﬁgure 6.23). Hence, the computational eﬀort of
varying grid-size would have been an unnecessary complication.
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5.4.2 Conservation in Each Grid-cell
We discuss mass conservation because we have had to apply it in our implementation of the
separation-mixing equation. The implementation of mass conservation at the last equation of
the N simultaneous equations (equation (F.6)) is necessary when inverting the matrix [B] that
results from the Stefan-Maxell diﬀusion coeﬃcients, because it is singular [75] (see appendix F
for details). We note here that only N − 1 equations are normally needed for an N -component
system (see [31]), but Amundson et al. used N equations as a way of resolving the singularity
of [B]. Conservation of mass is done for the last of the N equations of the separation-mixing
equation to resolve this singularity.
From conservation of mass, in the absence of sources and sinks
N∑
i=1
J =
N∑
i=1
(JMi + J
P
i ) = 0 (5.16)
where J is the total molar ﬂux at each unit volume in space, N the number of components,
and JMi and J
P
i are the ﬂuxes due to the chemical and gravitational forces, respectively.
In an elementary volume of an incompressible mixture, equation (5.16) is true if the species
have equal molar volumes. However, for an incompressible system whose components have
diﬀerent molar volumes, we have to work with conservation of volume. Let an elementary
cross-sectional area at right angles to the molar ﬂux be dA. Then
N∑
i=1
(JMi + J
P
i )vidA = 0 ∀z
(5.17)
Since dA is a constant, we have
N∑
i=1
(JMi + J
P
i )vi = 0 ∀z
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(5.18)
This means that an equal volume of matter that leaves a unit volume moves into it, else there
would be a vacuum if there is no compression or expansion. Therefore, the relevant quantity
to be conserved in each grid-cell in our work (where molar volumes are diﬀerent) should be
volume. We applied the conservation of volume at the Nth row of the matrix equation when
inverting the matrix [B].
It is the amount of matter in the whole, closed system that is conserved, not in each unit
volume, when the molar volumes are not equal. We deal with volume because the volume of
each unit volume is conserved.
5.5 Test of Method
We wrote a computer program to solve the equations in this work. Here, we test the pro-
gram against another software, as well as against analytical solutions. Numerical stability and
convergence tests are also carried out.
Although we have found an explicit steady-state analytical solution to the ideal multi-
component case of the separation-mixing equation, we use a binary mixture to test the program,
for simplicity. This is also because we have found an analytical expression for the composition
which produces the maximum separation only for the binary system, so we want to compare
our numerical solution to both the full steady-state solution, as well as this maximum. We
implemented two diﬀerent binary systems to test the program:
1. the methane/decane mixture, in order to compare with the a previous program designed
by Nasrabadi [8]. Nasrabadi's program can only run with mixtures already in its database.
The greater the density diﬀerence between the components, the better the mixture is for
comparison because it would provide more segregation for comparison. The properties
5.5. Test of Method 91
of the compounds in Nasrabadi's database are not shown, so the best choice from the
database whose properties we could ﬁnd by trial and error at the required temperature
and pressure was methane/decane.
2. a methane/undecane mixture was chosen in order to compare with the analytical solu-
tions. This is because it provides a greater segregation than methane/decane, and we
have data for this. We used mostly methane/undecane to study the eﬀects of various
parameters in the entire program, so we want to test the program using this mixture as
well. This mixture was also used to test the convergence of the numerical scheme.
5.5.1 Test Data
Let us look at the properties of the mixtures used to test the program:
Methane/Decane Mixture at T = 393K and P = 75.57MPa
Experimental data on the methane-decane real mixture densities at T = 393 K and P = 75MPa
used to produce ﬁgure 5.4 were obtained from [87]. The molar volumes at normal boiling point
required for the estimation of diﬀusion coeﬃcients were obtained from the same source. For
details about how viscosities were obtained, see appendix B.2. Table 5.1 shows the data used
for the methane/decane mixture. The thickness of the hypothetical reservoir was 1000m, large
enough to produce a reasonable segregation for comparison.
Table 5.1: Data used to simulate the methane/decane mixture
methane decane
molar mass ( kg.mol−1) 16.04× 10−3 142.29× 10−3
molar volume (m3.mol−1) 0.60× 10−4 1.92× 10−4
molar volume at boiling point ( cm3.mol−1) 38.7 235
viscosity (mPa.s) 0.032 0.627
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The mixture is single-phase liquid at T = 393K; P = 75MPa. As a measure of non-ideality
of the methane/decane mixture, the experimentally-obtained real mixture densities [87] are
compared to those of the ideal mixture in ﬁgure 5.2 at T = 393K and P = 75MPa. Ideality
with respect to activity coeﬃcients was assumed when performing the simulations to produce
ﬁgure 5.4. Therefore Γ was taken as the identity matrix, and in the equation for binary mixtures,
Γ = 1.
(a) densities (b) excess molar volumes
Figure 5.2: Density and excess volume of the methane-decane mixture as a function of mole-
fraction at T = 393K; P = 75MPa. The dots are the data points, while the curve is the
polynomial that best ﬁts the data points.
Methane/Undecane Mixture at T = 373K and P = 68MPa
We obtained the densities of methane, and undecane at P = 0.101325MPa and 373 K from [88],
and then used the Tait equation [89] to obtain the densities at P = 68 MPa, T = 373 K. For
details about how viscosities were obtained, see appendix B.2. The thickness of the reservoir
was 304.8m, in order to allow direct comparisons with the results of laboratory experiments on
compositional variation in reservoirs [14].
Table 5.2 shows the data used for the methane/undecane mixture.
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Table 5.2: Data used to simulate the methane/undecane mixture
methane undecane
molar mass ( kg.mol−1) 16.04× 10−3 156.31× 10−3
molar volume (m3.mol−1) 0.63× 10−4 2.12× 10−4
molar volume at boiling point ( cm3.mol−1) 38.7 261.78
viscosity (mPa.s) 0.036 0.8
5.5.2 Convergence on Grid Reﬁnement
We examined the inﬂuence of grid reﬁnement on the time taken for an initially uniform methane-
undecane mixture at T = 373K and P = 68MPa to segregate in a reservoir of thickness 304.8m
and on the steady-state proﬁle (see ﬁgure 5.3) performed by simulating the separation-mixing
equation (3.44) for the methane/undecane binary mixture . Figure 5.3 below shows the errors
in the steady-state composition and equilibrium time versus grid reﬁnement. How the errors
were obtained are explained in subsequent paragraphs.
(a) error ξ in equilibrium composition against
grid reﬁnement
(b) error ε in equilibrium time against grid re-
ﬁnement
Figure 5.3: Errors in: a) equilibrium concentration from the analytic solution (equation (5.29)),
against number of grid-points for the methane/undecane mixture at T = 373K, P = 68MPa in
a reservoir of thickness 304.8m and b) equilibrium time
By looking at ﬁgure 5.3a and b we see that with npts = 21 grid-points, the method has reason-
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ably converged. We chose npts = 21 for all our subsequent simulations.
The error ξnptsj of the steady-state composition when the number of grid-points is npts is
obtained by taking the diﬀerence between the numerical steady-state composition at grid-point
j and that of the corresponding analytical solution, equation (4.33). Babolian et al. [90] express
this as
ξ
npts
j = |x∞,nptsj −X∞,nptsj | (5.19)
x∞j denotes the numerical steady-state mole-fraction of methane at grid-point j, and X
∞
j the
exact steady-state mole-fraction of methane at grid-point j expressed in equation (4.33).
We applied this formula at the top of the reservoir, i.e. j = npts. The order of convergence,
β is then given by [90]
limnpts→∞
ξ
npts
j(
ξ
npts
2
j
)β = C (5.20)
where C is a constant.
The error εnpts of the equilibrium time when the number of grid-points is npts is obtained
by taking the diﬀerence between the equilibrium time obtained by our simulations and that of
the analytical solution. However, since there is no transient analytical solution, and hence no
equilibrium time can be obtained exactly, we assume that the exact equilibrium time is equal to
that of the simulation when npts = 163 21, since ﬁgure 5.3a tells us that npts = 21 is enough
to provide us with satisfactory accuracy. The equilibrium time tnpts∞ is obtained by simulating
with npts grid-points till the composition at the top of the reservoir is suﬃciently close to the
analytical steady-state solution (deviation of 0.01). Analogous to equation (5.19), ε is given by
εnpts = |tnpts∞ − t163∞ | (5.21)
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The order of convergence, β for equilibrium time is then given by [90]
limnpts→∞
εnpts(
ε
npts
2
)β = C (5.22)
where C is a constant. Using the same test mixture, the order of convergence in both space
and time was calculated to be β = 1.
5.5.3 Comparison with the work of Nasrabadi (2006)
Nasrabadi [8] worked on compositional variation in oil reservoirs, and wrote a computer program
to solve the transport processes governing compositional proﬁles from diﬀusion and natural
convection. We compare our results by assuming ideal mixing due to both the molecular and
gravity diﬀusion of methane/decane mixture at T = 393K and P = 75MPa to those obtained
by Nasrabadi [8]. We have made use of his computer program to generate the compositional
plot at the same conditions.
Figure 5.4: Equilibrium proﬁle of methane in a methane/decane mixture from simulating our
program and Nasrabadi's program
Figure 5.4 compares the equilibrium vertical proﬁle of the methane/decane mixture predicted
by the program developed in this work to that predicted by Nasrabadi [8] using his software.
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This is a qualitative, rather than a quantitative comparison because details of the modelling
and data of Nasrabadi on activity coeﬃcients is not known to us. The trends seen in both
results are consistent, with similar gradients in the same direction. In [8] he does not mention
the data for activity coeﬃcients used in his program [91] to calculate the thermodynamic
factor, or whether they assumed ideality for activity coeﬃcients. We later ﬁnd segregation to
be quite sensitive to activity coeﬃcients (see section 6.3.3). In any case, if they did use the
thermodynamic factor this might be the reason for the diﬀerence between my model and that
of Nasrabadi since we assumed ideality for this mixture.
Nasrabadi's work [8] only solves the for the steady state so it does not provide us with the
equilibrium time for comparison.
5.5.4 Molecular Diﬀusion Equation Test
In this section, we compare the molecular diﬀusion part of the separation-mixing equation to its
transient exact solution at various times, since the separation-mixing equation had no transient
exact solution.
Recall the segregation mixing equation, equation (3.44). Supposing that there is no gravity
and that that the mixture concentration c (as a result of equal molar volumes) and the diﬀusion
coeﬃcient DAB are constant . The binary case would yield
∂xA
∂t
= DAB
∂2xA
∂z2
(5.23)
Equation (5.23) is the diﬀusion equation (equation [92]), which has solutions for various bound-
ary conditions [25]. We compare the analytical solution of equation (5.23) in a domain where
0 ≤ z ≤ H = 2L to the its simulation with our program in a closed reservoir, with initial
condition
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xA(z, 0) = x
0
A =

1 for 0 ≤ z ≤ L
and
0 for L ≤ z ≤ H = 2L
(5.24)
where L is half the reservoir thickness, H.
The boundary condition for an isolated reservoir is
∂xA
∂z
= 0 at

z = 0
and
z = H = 2L
(5.25)
The solution to equation (5.23) with initial and boundary conditions equations (5.24) and
(5.25) respectively, is presented in [25] in 0 ≤ z ≤ H = 2L. This is given by
xA(z, t) = A0 +
∞∑
n=1
An cos (knz)e
−k2nDABt (5.26)
where kn = npiH
The Fourier coeﬃcients are given by
A0 =
1
H
∫ H
0
x0A(z)dz, An =
2
H
∫ H
0
x0A(z) cos
npiz
H
dz (5.27)
When x0A is the step function in ﬁgure 6.3, we obtain
A0 = 0.5, An =
2
npi
sin
npi
2
(5.28)
Figure 5.5 compares the exact and numerical solutions to equation (5.23) with initial and
boundary conditions equations (5.24) and (5.25) respectively, with DAB = 1.12×10−8 m2. s−1.
The analytical solution domain was mapped into ours, −L ≤ z ≤ L, in order to have both
solutions in the same plot, since both have equal length (H = 2L). The numerical simulation
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used is based on the generalized ﬁnite volume method described above.
(a) t = 0 years (b) t = 26, 000 years
(c) t = 100, 000 years
Figure 5.5: Comparison between the numerical and analytical solutions with molecular diﬀusion
only. Because we assume equal molar volumes for methane and undecane, we take the average
of the molar volumes of methane and undecane at T=373K and P = 68 MPa to be the molar
volume of both components (v1 = v2 = 1.75 × 10−4m 3) in a reservoir of height 304.8m. We
calculated the diﬀusion coeﬃcient with this molar volume and used the value at the center at
t = 0 for all time.
As a measure of of how the numerical solution matches with the analytical solution, we con-
sider the point where maximum percentage deviation of the exact solution from the analytical
solution occurs. At t = 26, 000 years this was about 0.6%, while at t = 100, 000 years it was
about 0.06%. The larger value of 0.6% at the early stages can be attributed to the Fourier
transform with the step function. Fourier transforms of discontinuous or piece-wise continuous
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functions show unlocalized oscilations, though the oscillations are larger at the discontinuities
or sharp edges. This is known as Gibb's phenomenon [93]. Further away from t = 0 the ana-
lytical solution is no longer the step function, so the error at later times will be solely due to
computational errors of the numerical simulation. Moreover, we use an explicit ﬁnite diﬀerence
code which is not very accurate with functions with sharp changes (e.g. step function).
5.5.5 Comparison between the Exact and Numerical Solutions of the
Separation-Mixing Equation
In section 4.2, the exact steady-state solution to equation (3.39) for an ideal mixture is devel-
oped. For uniform initial conditions, the exact steady-state solution is given by equation (4.33),
that is
xi(z) = xi(z) ≈ Θi2x
0
iL
(e2ΘiL − 1)e
(z+L)Θi . (5.29)
where x0i is the initial mole-fraction and L is half the reservoir thickness.
Comparison between the Separations at the Top of the reservoir from
Exact and Numerical Solutions
Figure 5.6 compares the numerical solution to the exact solution at the top of the reservoir,
equation (5.29), for various uniform initial conditions. The example used is a methane/undecane
binary mixture at T = 373K and P = 68MPa, in a reservoir of height 304.8m.
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Figure 5.6: Comparison between the separation at the top of the reservoir from the exact and
analytical solutions from various uniform initial conditions, for a methane/undecane binary
mixture at T = 373K and P = 68MPa, in a reservoir of thickness 304.8m.
We observe that the numerical and exact solutions deviate very little from each other at all
points, with a maximum deviation of 1.7% in mole-fraction. The point of maximum separation
is also the same for both curves.
Comparison between the Exact and Numerical Solutions along the
Whole Reservoir
We consider the new analytical solution to be an approximation, since we took the average
density from −L to any point z to be the same as that of the whole reservoir. Perhaps this
approximate exact solution was suitable to validate the numerical solution because the density
diﬀerence between methane and undecane was small enough to make this approximate exact
solution a good approximation. Moreover, in ﬁgure 5.6 the comparison was done only for the
top of the reservoir (i.e. separation). Now we compare the solutions all along the reservoir,
applying an initial mole-fraction of 0.6 for methane, a value which causes more separation
(see ﬁgure 5.6). Moreover, we increase the molar mass of undecane in order to cause more
separation, and see when the approximate analytical solution becomes a poor approximation.
Figure 5.7 shows the comparison between the analytical and numerical solutions. The example
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used is a methane/undecane mixture with a uniform mole-fraction of mathane of 0.6.
We will calculate percentage errors between diﬀerent methods of solution W1 and W2 by
ξW1,W2 = 100 ∗ SW2 − SW1
SW2
% (5.30)
where SWk is the separation obtained from method Wk. This would stay the same regardless
of the reservoir thickness since this deduction comes from the percentage error between the
gradients of the compositional proﬁles from methods W1 and W2.
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(a) actual density diﬀerence (737kg m−3) (b) density diﬀerence = 1420kg m−3
(c) density diﬀerence = 2360kg m−3 (d) density diﬀerence = 3300kg m−3
(e) density diﬀerence = 4720kg m−3
Figure 5.7: Comparison between numerical analytical and solutions for increasing degrees of
separation. a, b, c, d, the error ξ between the gradients is negligible. For e, it is also negligible
but greater, ξ ≈ 0.5%, which is also small.
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Figure 5.7 shows that the approximate analytical solution is reliable even for systems with much
larger equilibrium separations (e.g. ﬁgure 5.7e) than the mixtures we have encountered. There-
fore or new approximate analytical expression for xi(z) is almost exact for a typical reservoir
thickness, which is of the order of 100m.
5.5.6 Evolution of Mole-Fraction in a Binary Mixture
At each grid-point, it is possible to ﬁnd approximately how the time-dependent composition
is related to the steady-state composition. A logarithmic approximation is found in [26] for
molecular diﬀusion, and this relationship is later applied in [39]:
x1 ≈ x1,steady
[
1− e− tτ
]
(5.31)
for molecular and gravity diﬀusion. However, we note here that the value of τ is diﬀerent for
pure molecular diﬀusion from the case where gravity diﬀusion is included. In equation (5.31),
x1 is the mole-fraction of methane at the top of the reservoir at any time t, x1,steady the steady-
state mole-fraction of methane at the top of the reservoir obtained from the exact solution,
and τ is a constant. τ is the characteristic time and can be found by plotting ln
(
1− x1
x1,steady
)
against time t (see equation (5.31)). The example used in the present work was an ideal model
of the methane/undecane mixture, at T = 373K and P = 68MPa in a reservoir of 304.8m, with
a uniform equimolar initial condition.
Equation (5.31) at t = 0 is only appropriate when the initial condition x01 is zero. We propose
a more appropriate relationship given by
x1 ≈ x01e−
t
τ + x1,steady
[
1− e− tτ
]
(5.32)
Equation (5.32) would fulﬁll both the initial and steady-state solutions. Finding the logarithm
of both sides of equation (5.32) will produce the same gradient when ln
(
1− x1
x1,steady
)
is plotted
against time t as with equation (5.31). The value of τ is obtained from the gradient.
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We modelled the time-evolution of the mole-fractions with the separation-mixing equation
following the model used for molecular diﬀusion in [26]. We are, of course, implicitly using a dif-
ferent characteristic time from that of molecular diﬀusion. Figure 5.8 shows the approximately
straight-line graph for the time-evolution of the composition of the methane/undecane mixture
at the top of a reservoir of thickness 304.8m at T = 373K and P = 68 MPa, from initial time
until steady state. The steady-state mole-fraction at the top of the reservoir (x1,steady = 0.5057)
was obtained from the exact solution (equation (4.32)). The slope of the graph is − 1
τ
.
Figure 5.8: B = 1 − x1
x1,steady
against time, for molecular/gravity diﬀusion of the
methane/undecane binary mixture at 373K and 68MPa.
This shows that our time-evolution of the composition is consistent with equation (5.31). Figure
5.9 shows that the characteristic time (τ) and equilibrium time have a linear dependence. The
plot in ﬁgure 5.9 is for the methane/undecane mixture at T = 373K and P = 68MPa in a
reservoir of 304.8m. The initial composition was uniform, equimolar.
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Figure 5.9: τ against equilibrium time, for the methane/undecane binary mixture at T = 373K
and P = 68MPa. The initial condition was uniform equimolar, and the varying equilibrium
times were achieved by varying the reservoir thickness
Figures 5.8 and 5.9 show that our characteristic time can be modelled as proposed in [39], and
that our equilibrium time is consistent with the characteristic time.
Chapter 6
Results
Having shown that the numerical program satisfactorily reproduces simple analytic solutions
for ideal binary mixtures, we now use the program to investigate how
• reservoir properties
• ﬂuid properties
• non-ideality
• multi-component mixtures
inﬂuence the mixing time and ﬁnal vertical compositional proﬁle. We then apply the simulation
program to the problem of gravity segregation in the Bullwinkle ﬁeld using experimental data
reported by Ratulowski et al. [14]. All simulations included both molecular and gravity diﬀusion
unless otherwise stated.
6.1 Description and Source of Data
The data necessary for the simulation of the separation-mixing equation, equation(3.44) for
the required temperature and pressure are molar volumes (v) in m3/mol, molar masses (Mi)
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in kg/mol, thermodynamic factor Γij (a function of the gradients Yij of the natural logarithms
of the activity coeﬃcients with respect to the mole-fractions), excess molar volumes (vE) in
m3/mol, reservoir thickness (H) in metres, diﬀusion coeﬃcients, and obviously the reservoir
temperature (T ) in Kelvin and the ideal gas constant (R) in J K−1 mol−1.
The molar volumes and molar masses of each component in the mixture, as well as (if the
model is non-ideal in terms of mixture densities) the excess molar volumes, are needed to
compute the mixture volume at the required temperature and pressure. The change in Γij of
each component pair (i and j) is needed in order to include non-ideality into the molecular
diﬀusion term of the separation-mixing equation. The viscosities at the reservoir temperature
and pressure as well as the molar volumes at normal boiling point are needed in order to compute
the diﬀusion coeﬃcients. The reservoir temperature and the ideal gas constant are required in
order to compute the gravity ﬂux in the separation-mixing equation. Last but not least, we of
course need the reservoir thickness since we are dealing with closed reservoirs. Appendices A
and B describe how the molar volumes, and the diﬀusion coeﬃcients were obtained. Viscosities
and molar volumes at normal boiling points of the pure constituents are needed to compute the
diﬀusion coeﬃcients, and were obtained as explained in appendices B.1 and B.2 respectively.
Excess molar volumes and the thermodynamic factor have been discussed in section 3.3 and
appendix C respectively.
6.1.1 Initial and Boundary Conditions
All investigations reported in this chapter assumed a reservoir thickness of 304.8m, as this is
the thickness of the hydrocarbon column observed in the Bullwinkle ﬁeld (Ratulowski et al.
[14]). Preliminary studies of binary mixtures assumed a reservoir temperature of 373K and a
reservoir pressure of 68MPa. Investigations of the ternary mixtures reported by Ratulowski et
al. used a reservoir temperature of 295 K and a reservoir pressure of 46 MPa.
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The initial compositional variation in any given reservoir resulting from reservoir ﬁlling, often
over signiﬁcant time-scales, is generally unknown. In this study, the impact of the following
three initial conditions on mixing time were investigated:
1. an initially uniform composition, representative of a reservoir that ﬁlled quickly from a
source rock of constant maturity: In previous work, Nasrabadi [8] has arbitrarily simulated
reservoirs with uniform initial composition.
2. an initially uniform compositional gradient.
3. step-function of mole fraction: a completely segregated distribution with the lighter com-
ponent overlying the heavier component, representative of a reservoir that ﬁlled more
or less simultaneously from two sources rocks of diﬀerent maturities and in which the
components were then segregated by Darcy driven gravitational overturning.
For example, for a binary mixture, equal uniform initial composition of the components are
shown in ﬁgure 6.1 below.
Figure 6.1: Initial condition of uniform mole-fraction for binary mixture, of both components
The majority of our investigations assumed that the reservoir was initially ﬁlled with a mixture
of uniform composition. All mixtures were single phase liquids.
The uniform-gradient initial composition of the components are shown in ﬁgure 6.2 below.
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Figure 6.2: Initial condition of uniform gradient for binary mixture, of both components
For a binary mixture, the step function of the ﬁrst component is shown in ﬁgure 6.3 below.
Figure 6.3: Initial condition of step function for methane in a binary mixture
An assumption made was that there was no over-turning (to justiﬁed by having the lighter
component at the bottom). We used a software [91] to found out that at T = 373K and
P = 68MPa the mixture is gas only below a mole-fraction of methane of 0.1. Moreover, the
pressure is above the critical pressure of methane (≈ 4.6MPa) so the gaseous state of methane
initial composition can be treated as a liquid when there are two phases and this is only for a
very small range of compositions, and only at initial composition.
110 Chapter 6. Results
As a check the overall number of moles of component i in the mixture was calculated from
A
∫ L
−L
xi
vi
dz (6.1)
where the cross-sectional area A (m2) is assumed to be unity as we are dealing with a 1-D
situation, and vi is the partial molar volume of component i. The mole-fraction proﬁles do
not generally tell us the overall number of moles of each component in the mixture, unless
the components have equal molar volumes. This can be illustrated using a methane/undecane
mixture at T = 373K and P = 68MPa in a reservoir of thickness 304.8m. The composition
of ﬁgure 6.1 results in 72727 moles of both components, because there we are dealing with an
overall, equimolar mixture. However, the mole-fraction proﬁles in ﬁgure 6.3 equate to 154430
moles of methane and 48447 moles of undecane in the whole reservoir because the bottom half
of the reservoir is ﬁlled with methane and the upper half entirely composes of undecane and
the two species have diﬀerent molar volumes. Only if the molar volumes of both components
were equal, would the overall composition illustrated in all three ﬁgures have the same total
molar content.
6.1.2 Mixtures Used
In this work, the examples of mixtures simulated or analyzed were chosen due to one or more
of the following reasons:
1. availability of data
2. availability of laboratory or ﬁeld results for comparison
3. conditions are representative of reservoir conditions.
The Methane/Undecane Mixture
We simulated this mixture at T = 373K and P = 68MPa in a reservoir of 304.8m thick. We
have used this mixture to study the dependence of separation and equilibrium time on various
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parameters. This temperature and pressure were chosen to match those of the Bullwinkle ﬁeld,
in the Gulf of Mexico [14].
Physical Properties
The molar volumes, masses, viscosities and molar volumes at normal boiling point of methane
and undecane are already listed in table 5.2. How these properties were estimated is described
in section 5.5.1.
Excess Volumes
This mixture was simulated as ideal, except when the eﬀect of excess volumes was investigated.
The excess molar volumes used for this mixture were hypothetical, in order to study the eﬀect
of excess volumes. We used unrealistically high values in order to get a clear observation of the
eﬀects.
The hypothetical excess volumes used to compare an ideal model to a real model, in terms
of molar volumes, are plotted in ﬁgure 6.4.
Figure 6.4: Hypothetical excess molar volumes for the methane/undecane mixture at T = 373K,
P = 68 MPa in a reservoir of thickness 304.8m.
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In ﬁgure 6.4, an unrealistically high excess molar volume of 25 cm3mol−1 was assumed at an
equimolar composition (0.5:0.5) of methane/undecane at T = 373K and P = 68MPa. The
excess volume varies with composition following a Redlich-Kister polynomial, equation (3.31).
We also try negative hypothetical excess volumes of the same magnitudes for the same
mixture. These are plotted in ﬁgure 6.5 below.
Figure 6.5: Hypothetical excess molar volumes for the methane/undecane mixture at T = 373K,
P = 68 MPa in a reservoir of thickness 304.8m.
In comparison with the hypothetical excess molar volumes of ﬁgure 6.4, we present the
calculated excess volumes for methane/decane1 at T = 393K and P = 75.57MPa in ﬁgure
6.6 below. The excess volumes for each mole-fraction was obtained from a Reference Fluid
Thermodynamic and Transport Properties Database (REFPROP, version 8.0) [94]. The data
was then ﬁtted to the Redlich-Kister polynomial using the Least Squares method. Compare
the maximum absolute value of excess volume (25 cm3mol−1) of the hypothetical case to the
calculated value (9 cm3mol−1) for actual case below.
1we chose methane/decane because it is the closest similar mixture for which excess volume data is available
to us
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Figure 6.6: Calculated excess volumes of methane/decane at T = 393K and P = 75.57MPa.
The dots represent the values calculated from REFPROP, while the curve is a polynomial ﬁt.
Activity Coeﬃcients
Activity coeﬃcients were not needed for this mixture. We have performed simulations involving
activity coeﬃcients with other mixtures due to availability of data and experimental results for
comparison.
The Hexadecane/Hexane Mixture
We used this mixture to simulate models with the calculated excess volumes due to the avail-
ability of the excess volume data at conditions close enough to the Bullwinkle conditions. This
mixture is used to compare the results between a real and an ideal mixture.
Physical Properties
Table 6.1 shows the data used for the hexadecane/hexane mixture at T = 348K and P =
62MPa. The data in table 6.1 was used to simulate results in ﬁgures 6.28 and 6.29, as well as
ﬁgure 6.32.
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Table 6.1: Data used to simulate the hexadecane/hexane mixture T = 348K and P = 62 MPa.
hexadecane hexane
Molar mass ( kg.mol−1) 86.175× 10−3 224.1× 10−3
Molar volume (m3.mol−1) 1.29× 10−4 2.19× 10−4
Molar volume at boiling point ( cm3.mol−1) 140 397
Viscosity (mPa.s) 0.323 2.4
Excess Volumes
The mixture volume data for various compositions of the hexadecane/hexane mixture at T=248K
were obtained from [95]. The data was then correlated to a third-order Redlich-Kister polyno-
mial (equation (3.31)). The correlation estimated the constants for the Redlich-Kister polyno-
mials for this binary mixture to be A12 = −2.156, B12 = −3.691 and C12 = −2.06. Figure 6.7
shows the calculated excess volumes from the equation.
Figure 6.7: Excess volumes for the hexadecane/hexane mixture at T = 348K and P = 62 MPa.
The dots are the excess volume data, and the line represent point data ﬁtted using the Least
Squares method to obtain the Redlich-Kister polynomial (equation (3.31))
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Activity Coeﬃcients
Activity coeﬃcients were not needed for this mixture. We have performed simulations involving
activity coeﬃcients with other mixtures due to availability of data and experimental results for
comparison.
The Hexadecane/Cyclohexane Mixture
We used this mixture to simulate models with the calculated excess volumes due to the avail-
ability of the excess volume data at conditions close enough to the Bullwinkle conditions. This
mixture is used to compare the results between a real and an ideal mixture. We chose one of
the components to be a cycloalkane, as opposed to both being linear hydrocarbons.
Physical Properties
Table 6.2 shows the data used for the hexadecane/cyclohexane mixture at T = 348K and
P = 62 MPa. The data in table 6.2 were used to simulate results in ﬁgures 6.30 and 6.31.
Table 6.2: Data used to simulate the hexadecane/cyclohexane mixture T = 348K and P = 62
MPa.
hexadecane cyclohexane
Molar mass ( kg.mol−1) 224.1× 10−3 224.1× 10−3
Molar volume (m3.mol−1) 1.08× 10−4 2.19× 10−4
Molar volume at boiling point ( cm3.mol−1) 117 397
Viscosity (mPa.s) 1.09 2.4
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Excess Volumes
The mixture volume data for the hexadecane/cyclohexane mixture at T = 348K and P = 62
MPa was obtained from [96]. The data was then correlated to a third-order Redlich-Kister
polynomial (equation (3.31)). The correlation estimated the constants for the Redlich-Kister
polynomials for this binary mixture to be A12 = 2.17, B12 = 0.89 and C12 = −1.23. Figure 6.8
shows the calculated excess volumes from the equation.
Figure 6.8: Excess volumes for the hexadecane/cyclohexane mixture at T = 348K and P = 62
MPa. The data were then ﬁtted using the Least Squares method to obtain the Redlich-Kister
polynomial (equation (3.31)).
Activity Coeﬃcients
Activity coeﬃcients were not needed for this mixture. We have performed simulations involving
activity coeﬃcients with other mixtures due to availability of data and experimental results for
comparison.
The Methane/Undecane, Methane/Methylnaphthalene(MNP),
Methane/Pentane/MNP and Methane/Pentane/Undecane Mixtures
The ternary mixtures (methane/pentane/MNP and methane/pentane/undecane) were simu-
lated in order to compare our results with those of Ratulowski et al. [14].
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The binary mixtures were used in order to compare the relative eﬀect of activity coeﬃcients
to that of excess volumes. This was done in the following way: A comparison between an ideal
methane/MNP mixture and the same mixture with its calculated thermodynamic factor was
performed for this mixture by our simulation. An analogous comparison was done with the
methane/undecane mixture with respect to its calculated excess volumes. The two results were
then compared with each other.
Physical Properties
Table 6.3 shows the data used for methane, pentane, methylnaphthalene and undecane at
T = 295K and P = 46MPa. Details on how the volumes and viscosities were obtained are
presented in appendices A and B.2 respectively. These data were used to simulate results in
ﬁgures 6.34 and 6.32 as well as ﬁgures 6.35 to 6.40.
Table 6.3: Data used to simulate various mixtures containing methane, pentane, undecane and
methylnaphthalene at T = 295K and P = 46MPa
methane pentane methylnaphthalene undecane
Molar mass 16.04× 10−3 72.15× 10−3 142.2× 10−3 156.3× 10−3
( kg.mol−1)
Molar volume 0.597× 10−4 1.08× 10−4 1.36× 10−4 2.15× 10−4
(m3.mol−1)
Molar volume at 38.7 118.28 168 261.78
boiling point ( cm3.mol−1)
Viscosity (mPa.s) 0.033 0.3507 5.112 0.957
Excess Volumes
Having already observed from the ﬁrst three mixtures that the eﬀect of the excess volumes is
negligible, we chose to model these as ideal mixtures in terms of excess volumes.
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Activity Coeﬃcients
The activity coeﬃcients are responsible for the thermodynamic factor. Calculated activity co-
eﬃcients were implemented for the methane/methylnaphthalene,
methane/pentane/methylnaphthalene and methane/pentane/undecane mixtures. A correlation
of activity coeﬃcients γi at each composition and the gradients of their natural logarithms with
respect to each component Yij = ∂ ln γi∂xj |T,P,Σ for the mixtures were estimated using UNIFAC-
Dortmund [97] for T=295K and P=46MPa and implemented in our computer program. Re-
member equation (3.21) that says Γij = δij + xiYij .
Figures 6.9, 6.10 and 6.11 show Yij versus composition. The subscript j represents values in
the jth column of Γ (see equation (6.12) for an illustration of Γ). For a binary mixture, we
will only show Γ11, and for ternary mixtures, Γij for i = 1 and 2, j = 1 and 2. This is because
these are the only values used in the implementation, and details of this implementation are
given in appendix F.
Sample values of Yij for the methane/MNP are shown in ﬁgure 6.9.
Figure 6.9: Y11 versus the mole-fraction of methane for the methane/MNP mixture at T = 295K
and P = 62MPa. The ﬁrst and second indices stand for methane and MNP respectively.
Sample values of Yij for the methane/pentane/undecane are shown in ﬁgure 6.10. The mole-
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fraction of methane is 0.5 as in our simulations of ternary mixtures (see section 6.4), so that
only the mole fractions of pentane and undecane are varied.
(a) used in the ﬁrst column of the matrix Γ (b) used in the second column of the matrix Γ
Figure 6.10: Gradients of the natural logarithms of activity coeﬃcients Yij versus the mole-
fraction of pentane for the methane/pentane/undecane mixture at T = 295K and P = 62MPa.
The mole-fraction of methane is constant 0.5, and those of the rest varied. The indices 1 and
2 stand for methane and pentane respectively
Sample values of Yij for the methane/pentane/methylnaphthalene are shown in ﬁgure 6.11.
The mole-fraction of methane is 0.5 as in our simulations, so that only the mole fractions of
pentane and MNP are varied.
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(a) used in the ﬁrst column of the matrix Γ (b) used in the second column of the matrix Γ
Figure 6.11: Gradients Yij of the natural logarithms of activity coeﬃcients versus the mole-
fraction of pentane for the methane/pentane/MNP mixture at T = 295K and P = 62MPa.
The mole-fraction of methane is constant 0.5, and those of the rest varied. The indices 1 and
2 stand for methane and pentane respectively
The constraint for the natural logarithms of activity coeﬃcient gradients is
n∑
j=1
∂ ln γi
∂xj
|T,P,Σ = 0 (6.2)
hence
n∑
j=1
Yij = 0 (6.3)
Equations (6.2) and (6.3) are known as Margules activity coeﬃcient equations [35].
6.2 Diﬀusion and Gravity Segregation in an Ideal Binary
Mixture
In this section we simulate the separation-mixing equation for an ideal binary mixture (equation
(3.39)). The methane/undecane binary mixture at T = 373K and 68MPa was simulated as an
ideal mixture in a reservoir of thickness 304.8m. The mixture is also simulated with hypothetical
excess volumes.
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6.2.1 Investigating the Assumption of Constant c and D
Here, we investigate the consequences of assuming c and D as constant. Even in ideal binary
mixtures, the molar concentration of the mixture c and the diﬀusion coeﬃcient D12 are implicit
functions of position and time because they are dependent on composition. In this subsection
we use the ideal model of binary diﬀusion to demonstrate the importance of assuming constant
c and D12.
The diﬀusion equation for an ideal binary mixture, from irreversible thermodynamics is given
by [31]
∂c1
∂t
=
∂
∂z
(
cDM
∂x1
∂z
)
(6.4)
where c1 is the concentration of component 1. Writing c1 = cx1 where c is the total molar
concentration of the mixture and x1 the mole-fraction of component 1, and assuming c and D12
as constant, we obtain [92]
∂x1
∂t
= D12
∂2x1
∂z2
(6.5)
A constant c is usually reasonable for dilute mixtures, or small variations of composition [31].
This can also be a consequence of assuming equal molar volumes 2 (when v1 ≈ v2). The total
molar concentration of a mixture is given by c = 1
v
where v is the molar volume of the mixture.
Recall equation (3.16) that says the molar volume of an ideal binary mixture is v = x1v1+x2v2.
Therefore the accuracy of taking c to be constant increases as v1 − v2 approaches zero.
In the real separation-mixing equation (equation (3.40)), the mixture concentration c and the
diﬀusion coeﬃcientD12 are dependent on composition. This means at each time-step, c andD12
are calculated. For that reason, to ensure accurate mass conservation, the ﬁnite volume method
is used, as opposed to ﬁnite diﬀerence. This results in more programming and computational
eﬀort than in the case where c and D12 are assumed to be constant at all times. Applying a
constant mixture concentration c and a constant diﬀusion coeﬃcient DAB for a binary mixture
2To get equal molar volumes of both components, we took the average of the two components
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in the separation-mixing equation, equation (3.39), we would be solving
∂x1
∂t
= D12
∂2x1
∂z2
− D12
RT
∂
∂z
[x1 (ρv1 −M1)] (6.6)
The constant diﬀusion coeﬃcient we use here is the initial diﬀusion coeﬃcient that the program
calculates for equal molar volumes (DAB = 1.12× 10−8 m2. s−1), at the center of the reservoir.
For the molar volume, we will take the average of the two components (but not the over-all
molar volume because this would change with concentration in real mixtures). It is therefore
obvious that assuming constant c and constant D is a good approximation if the actual molar
volumes of the components do not diﬀer much from each other. Moreover, if v1 = v2 this will
naturally be an accurate model.
Now we will compare the results obtained by using the approximation (let's call this the ap-
proximate ideal model) with that of the case where the mixture concentration and the diﬀusion
coeﬃcients were dependent on concentration (let's call this the rigorous ideal model).
Figure 6.12 below compares the approximate ideal model of separation-mixing to the rigorous
ideal model.
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(a) uniform initial mole-fraction, both c and D
x-dependent
(b) uniform initial mole-fraction, both c and D
constant
(c) constant slope initial mole-fraction, both c
and D x-dependent
(d) constant slope initial mole-fraction, both c
and D constant
(e) step function initial mole-fraction, both c and
D x-dependent
(f) step function initial mole-fraction, both c and
D constant
Figure 6.12: Comparison between the rigorous ideal model,(a,c,e), with the approximate ideal
model (b,d,f). The mixture is methane/undecane mixture at T = 373K, P = 68MPa in a
reservoir of thickness 304.8m.
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Comparing the steady-states for the respective initial proﬁles in ﬁgure 6.12, we see that the
approximate model is not a good solution for the methane/undecane mixture. Comparing the
output data used to plot ﬁgure 6.12, the absolute deviation in total number of moles was 20% for
the uniform initial composition, about 38% for the uniform initial gradient, and about 63% for
the step function. For the mole-fraction of methane at the center, the corresponding deviations
for the various initial conditions were 0%, 17% and 34% respectively. For equilibrium time
we observe 38%, 18% and 56% respectively. The reason for these large deviations is that the
diﬀerence between the molar volumes of methane and undecane are too large for us to assume
that c and D to be constant.
For the diﬀusion equation, we obtained almost the same result as the separation-mixing equa-
tion, since diﬀusion dominates in the latter. We have presented the plots only for separation-
mixing to avoid unnecessary material.
6.2.2 Compositional Proﬁle at Various Times
Figure 6.13 shows the compositional proﬁles at various times for an equimolar, uniform initial
composition in the methane/undecane binary mixture at 373K and 68MPa, in a reservoir of
thickness 304.8m. The equilibrium time for this mixture is 0.134 million years.
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Figure 6.13: Compositional proﬁle with time for the methane/undecane mixture at T = 373K
and 68MPa. The initial condition was uniform equal mole fractions.
6.2.3 The Eﬀect of Reservoir Thickness
We now simulate the separation-mixing equation with an ideal assumption of the methane/undecane
mixture for various reservoir thicknesses, and illustrate the dependence of equilibrium separa-
tion and time to equilibrate on reservoir thickness. The simulation is done from an initial
condition of equal uniform mole-fractions of methane and undecane.
Dependence of Separation
Figure 6.14 shows the dependence of equilibrium concentration on reservoir thickness for equimo-
lar, initially uniform methane/undecane binary mixture at 373K and 68MPa.
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Figure 6.14: Separation of methane at the top of the reservoir for various reservoir thicknesses,
from a uniform equimolar initial condition.
As the reservoir thickness H = 2L increases, the system tends to separate more. This linear
relationship can be seen in the derived expression for separation of component i (equation
(4.37)), which for ideal mixtures is Si = Lx0i
(ρavvi−Mi)g
RT
. To clarify this, let us consider a binary
mixture of A and B as in ﬁgure 6.14.
Dependence of Equilibrium Time
Figure 6.15 shows the dependence of equilibrium time on reservoir thickness.
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Figure 6.15: Equilibrium times for various reservoir thicknesses for the methane-undecane
binary mixture at T = 373K and 68MPa, from an initial condition of uniform equal mole
fractions.
Figure 6.16 shows the dependence of characteristic time τ on reservoir thickness, in order to
show that the calculated characteristic time is consistent with the equilibrium time.
Figure 6.16: Characteristic times (see section 5.5.6) for various reservoir thicknesses for the
methane-undecane binary mixture at T = 373K and 68MPa. Initial conditions were uniform
equal mole fractions.
The ﬁgures 6.15 shows that the equilibrium time t∞ (written as teq on the plots due to limitations
with excel images) for a typical reservoir thickness of 100m is far less than the typical age of a
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reservoir (up to 100 million years). This implies that if a reservoir of known initial composition
and properties does not show a similar grading to its simulation for an unhindered reservoir,
then the real reservoir is likely to be compartmentalized.
6.2.4 The Eﬀect of Density Diﬀerence
Here, we simulate the separation-mixing equation with an assumption of ideality for the
methane/undecane mixture, whilst varying the molar volume of methane, and thus illustrate
the dependence of equilibrium separation and time on density diﬀerence. The mixture is in a
reservoir of thickness H = 304.8m at T = 373K and 68MPa. The simulation is done from an
initial condition of equal uniform mole-fractions of methane and undecane.
Dependence of Equilibrium Time
We have plotted the equilibrium times and proﬁles against the density diﬀerence. The density
diﬀerence was un-naturally increased by raising the molar volume of the lighter component
(methane). Figure 6.17 shows how equilibrium time varies with density diﬀerence.
Figure 6.17: Equilibrium times against density diﬀerence for an ideal model of the
methane/undecane mixture. Physical conditions imposed were reservoir thickness H = 304.8m
at T = 373K and 68MPa, and the initial condition of equal mole fractions.
The equilibrium time increases with density diﬀerence when the initial condition is equal and
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uniform mole-fractions, though the relationship is not linear. The increase is due to the opposing
forces of molecular and gravity diﬀusion. At uniform composition, the system is already in
equilibrium if there is only molecular diﬀusion. As the density diﬀerence increases from zero,
it takes more time for both diﬀusive forces to balance at a larger separation. However, if
density diﬀerence is increased so that gravity begins to dominate, the equilibrium separation will
approach its maximum possible value (i.e. when there is complete separation). In that case the
dependence of equilibrium time on density is proportional to tP = HRT
DAB(ρvA−MA)+
x2
A
(∆MVB+∆VMB)
(xA∆v+vB)
2
(see table 4.1).
Dependence of Separation
Figures 6.18 shows how separation varies with density diﬀerence.
Figure 6.18: Separation against density diﬀerence of methane and undecane for the
methane/undecane mixture for H = 304.8m at T = 373K and 68MPa, from an equimolar
initial condition.
The linear dependence of separation on the diﬀerence between the mixture density and the
density of component i can be seen in the derived expression for separation of component i,
Si = 2Lx
0
i
(ρavvi−Mi)g
RT
(equation (4.37)), since ρavvi −Mi is a measure of density diﬀerence. We
should not confuse between density diﬀerence between component A and the mixture density,
with the density diﬀerence between components A and B. We have plotted the latter, since
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the former is seen from the analytical solution.
6.2.5 Eﬀect of Diﬀusion Coeﬃcient
In porous media, the eﬀective diﬀusion coeﬃcient D is given by equation (2.5). Thus the
eﬀective diﬀusion coeﬃcient can be reduced by increasing the tortuosity, decreasing the eﬀective
porosity, or increasing the constrictivity. In this section, we use tortuosity only as a means to to
adjust the diﬀusion coeﬃcient so as to illustrate the eﬀect of diﬀusion coeﬃcient on equilibrium
time. We assume a homogeneous reservoir.
Varying the (Eﬀective) Diﬀusion Coeﬃcient
Here, we use the diﬀusive resistance to vary the eﬀective diﬀusion coeﬃcient. We the diﬀusive
resistance show how the equilibrium time varies with diﬀusion coeﬃcient. It is known that
the diﬀusive resistance varies between 0.01 and 0.4 [49], [45]. Figures 6.19 and 6.20 show how
equilibrium time varies with the inverse of the diﬀusive resistance. Simulations were carried
out for methane/undecane at T = 373K and 68MPa. As expected, from our simulations the
equilibrium proﬁle is found to be inversely proportional to the diﬀusive resistance.
6.2. Diﬀusion and Gravity Segregation in an Ideal Binary Mixture 131
Figure 6.19: Equilibrium time versus inverse of diﬀusive resistance for the methane/undecane
binary mixture at T = 373K and 68MPa in a reservoir of H = 304.8m. Initial condition was
equal uniform mole fractions.
Figure 6.20: Equilibrium time versus inverse of diﬀusive resistance for the methane/undecane
binary mixture at T = 373K and 68MPa in a reservoir of H = 304.8m. Initial condition was
the step function in ﬁgure 6.3
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Both ﬁgures 6.19 and 6.20 show that the equilibrium time is inversly proportional to diﬀusive
resistance.
6.3 Diﬀusion and Gravity Segregation in a Non-Ideal Bi-
nary Mixture
In this section, we introduce non-ideality in the mixture. In the gravity term of the separation-
mixing equation (equation (3.40)) this is characterized by the use of partial molar volumes (vi)
in place of molar volumes for ideal mixtures (vi). In molecular diﬀusion this is characterized
by the matrix [Γ], known as the thermodynamic factor [24], whose components now depend on
the activity coeﬃcients.
6.3.1 Inﬂuence of Excess Volume
To study the dependence on excess volume, we were compelled to use much higher excess
volumes than the calculated ones in order to produce any noticeable eﬀects. Hypothetical excess
volumes spanning between VEmax = −100cm3/mol and VEmax = 100cm3/mol at the equimolar
concentration (see ﬁgure 6.4) were used for the methane/undecane mixture. Compare these
hypothetical values with the values for actual excess volumes: that of ﬁgure 6.7 is VEmax =
6cm3/mol, that of ﬁgure 6.8 VEmax = 8cm3/mol, and that of ﬁgure 6.6 VEmax = 9cm3/mol.
The mole-fraction dependence of VE was ﬁtted to a quadratic in mole-fraction. From equation
(3.31), a zeroth order truncation would be
VE = A12x1x2 = A12x1(1− x1) (6.7)
where x1 is the mole-fraction of methane. Figure 6.21 shows the variation of separation with
excess volume.
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Figure 6.21: The dependence of separation of component 1 ('methane') at the top, on excess
molar volume of the methane/undecane mixture at T = 373K, 68MPa, in a reservoir of thickness
H = 304.8m. The excess volume was varied, while all other properties stayed constant.
In ﬁgure 6.21, the excess volumes are large compared to actual values. These values are unre-
alistically high, but are used here for illustration purposes only. The separation increases with
excess volume, but within the limits of real excess volumes this increase is negligible.
Figure 6.22 below shows how the equilibrium time is aﬀected by excess volume for methane/undecane.
Figure 6.22: Equilibrium time against excess molar volume. This example is for the
methane/undecane mixture at T = 373K and 68MPa in a reservoir of thickness 304.8m. The
initial composition was equal uniform mole-fractions.
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Figure 6.22 shows that the equilibrium time also increases nonlinearly with excess volume.
Basically, changes in excess volume do not signiﬁcantly aﬀect equilibrium time within the
actual range of excess volumes.
With uniform constant grid-size, there are small errors in mass conservation due to the excess
volumes, for reasons explained in section 5.4.1. We shall use these mass changes as a measure of
the error of the equilibrium times and separation factors encountered in the simulations when
high excess volumes are used. For the methane/undecane simulation shown in ﬁgure 6.21, ﬁgure
6.23 shows the percentage mass change when the system has attained steady state.
In real mixtures, the molar volume changes with composition. However, the ﬁnite volume
method used in this work accounts only for a ﬁxed bulk volume of the mixture. The percentage
error in mass conservation against excess molar volumes are shown in ﬁgure 6.23 below.
Figure 6.23: Percentage mass change at steady state, against excess volume. This example
is for the methane/undecane mixture at T = 373K and 68MPa, in a reservoir of thickness
H = 304.8m. The initial composition was equal uniform mole-fractions.
In ﬁgure 6.22 we notice that the error is negligible. This is because the excess volumes caused
almost the same segregation as without excess volumes (ideal mixture). Basically, we do not
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need to modify the code to dynamic grid sizes even when very large excess volumes are used
from this initial condition, since these errors are negligible.
Methane/Undecane with a Hypothetical Excess Molar Volume of 25 cm3/mol
Positive Excess Volumes
We have done simulations for the gravity and molecular diﬀusion of the methane/undecane
mixture as an ideal mixture (i.e. with no excess volumes; see section 6.2), as well as simulations
to see how the equilibrium time and composition vary with excess volume earlier in this section
(section 6.3). We now wish to investigate how the same binary mixture would behave at various
initial compositions when it is assumed to be ideal, compared to the same binary mixture when
the excess volume at equimolar composition is 25 cm3/mol (see ﬁgure 6.4). In ﬁgure 6.4 at
x1 = 0.5, VE = 25cm3/mol and it means that the maximum excess volume for that mixture is
at x1 = 0.5. Compare this hypothetical value with the absolute value of the maximum actual
excess volumes: that of ﬁgure 6.7 is VEmax = 6cm3/mol, that of ﬁgure 6.8 VEmax = 8cm3/mol,
and that of ﬁgure 6.6 VEmax = 9cm3/mol.
Figure 6.24 below shows the separation predicted from both the real and ideal models.
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Figure 6.24: Separation for various uniform initial mole-fractions, simulated by both ideal and
real (hypothetical excess volumes) models, for various mole-fractions in the methane/undecane
mixture at T = 373K and 68MPa in a reservoir of thickness 304.8m.
Figure 6.25 shows the equilibrium times for various uniform initial conditions of the methane/undecane
mixture where in one case the gravity diﬀusion was simulated as ideal, and in the other case as
real, for various mole-fractions.
Figure 6.25: Equilibrium times for methane and undecane, gravity simulated by both an ideal
model and a non-ideal model, for various mole-fractions in the methane/undecane mixture at
T = 373K, and 68MPa in a reservoir of thickness 304.8m.
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Negative Excess Volumes
We now show the results of the same mixture, but with negative hypothetical excess volumes.
Figure 6.24 below shows the separation predicted from both the real and ideal models.
Figure 6.26: Separation for various uniform initial mole-fractions, simulated by both ideal and
real (hypothetical excess volumes) models, for various mole-fractions in the methane/undecane
mixture at T = 373K and 68MPa in a reservoir of thickness 304.8m.
Figure 6.27 shows the equilibrium times for various uniform initial conditions of the methane/undecane
mixture where in one case the gravity diﬀusion was simulated as ideal, and in the other case as
real, for various mole-fractions.
It can be observed from ﬁgures 6.24, 6.25, 6.26 and 6.27 that with high enough excess
volumes, the inﬂuence of excess volume will depend on the composition of the mixture. Note
that since the partial molar volumes have been modelled as a quadratic function of the mole-
fraction of methane (x1), the dependence of steady-state composition and equilibrium time for
the real mixture on initial mole-fraction has at least one more maxima/minima than in the
ideal mixture. However, only the minima in the range 0 ≤ x1 ≤ 1 are seen.
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Figure 6.27: Equilibrium times for methane and undecane, gravity simulated by both an ideal
model and a non-ideal model, for various mole-fractions in the methane/undecane mixture at
T = 373K, and 68MPa in a reservoir of thickness 304.8m.
Hexadecane/Hexane with Actual Excess Molar Volumes
Figure 6.24 and 6.25 showed results from the simulation of the separation-mixing equation of
an ideal mixture, in relation to the same mixture considered real by giving it unrealistically
high excess volumes. Due to the availability of excess volume data of Hexadecane/Hexane, we
now produce similar comparisons, but in this case, the excess molar volumes are the calculated
values. Figure 6.28 shows the separation in both the real and ideal hexadecane/hexane binary
mixture at T=248K and T=62MPa, for various initial mole-fractions, for comparison.
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Figure 6.28: Separation for the real and ideal models in the hexadecane/hexane binary mixture
at T = 248K and T = 62MPa, for various initial mole-fractions.
Figure 6.29 shows the equilibrium times for the real and ideal models in the hexadecane/hexane
binary mixture at T=248K and T=62MPa, for various initial mole-fractions.
Figure 6.29: Equilibrium times for the real and ideal models in the hexadecane/hexane binary
mixture at T = 248K and T = 62MPa, for various initial mole-fractions.
Figures 6.29 and 6.28 both show a negligible deviation of the real from the ideal model, with a
maximum of about 1.5% when x1 = 0.6.
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Hexadecane/Cyclohexane with Actual Excess Molar Volumes
Due to availability of excess volume data for this mixture, where one of the components is
cyclic, we also produce results in comparison with the same mixture when it is assumed to
be ideal. Figure 6.30 shows the separation of both the real and ideal models for comparison.
We notice that there is a negligible diﬀerence between the two curves in ﬁgure 6.30, with a
maximum absolute deviation of about 3% between them, occurrin g when the composition of
cyclohexane is x1 ≈ 0.8.
Figure 6.30: Separation of the real and ideal models of the hexadecane/cyclohexane binary
mixture at T = 248K and T = 62MPa, for various initial mole-fractions.
Figure 6.31 shows the equilibrium times for the real and ideal models in the hexadecane/cyclohexane
binary mixture at T=248K and T=62MPa, for various initial mole-fractions. Again, the max-
imum absolute deviation here is 4%, occurring when when the composition of cyclohexane
x1 ≈ 0.8.
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Figure 6.31: Equilibrium times for the real and ideal models in the hexadecane/cyclohexane
binary mixture at T = 248K and T = 62MPa, for various initial mole-fractions.
In the results of hexadecane/cyclohexane and hexadecane/hexane, we can see that real excess
volumes cause a negligible eﬀect on both equilibrium time and equilibrium composition. In
fact, excess volumes are not usually large enough to be a concern in the modelling of gravity
segregation. For instance, typical excess volumes of equimolar binary mixtures of isomers
are roughly 0.01cm3, and roughly from 0.2cm3 to 0.7cm3 for aromatic/cycloparaﬁn binaries
[98]. These values are comparable to those of hexadecane/cyclohexane and hexadecane/hexane
(∼ 0.7cm3) which we have simulated. Since real excess volumes of 0.7cm3 cause a negligible
diﬀerence from an ideal mixture, models of gravity segregation can be simpliﬁed by neglecting
excess volumes. This implies that the diﬃculty in acquiring data on excess volumes is bypassed.
Engineers need readily accessible models of their reservoirs in order predict connectivity and
to plan production.
6.3.2 The Relative Sensitivities of Excess Volumes and Activity Co-
eﬃcients
A comparison between real mixtures of known excess volume has been done at various com-
positions earlier in section 6.3.1. The eﬀect of excess volumes was found to cause a negligible
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change in both equilibrium time and separation (composition).
In addition, we now proceed with yet another quantitative investigation on the relative
sensitivities of excess molar volumes and activity coeﬃcients on equilibrium composition in
ﬁgure 6.32. We simulate a real mixture of the hexadecane/hexane mixture with its calculated
excess volumes and from a uniform equimolar initial condition. Then we increase the excess
volumes by 20% and repeat the simulation. The absolute deviations between the two results
vertically along the reservoir (both equilibrium time and composition) were noted. We also
do the same with the methane/methylnaphthalene whose activity coeﬃcients are available,
increasing the gradients, Y , of the natural logarithms of the activity coeﬃcients by 20% to ﬁnd
the absolute deviation. Figure 6.32 shows the results.
Figure 6.32: Percentage change in equilibrium proﬁle when the actual excess volume is increased
by 20%, and when the calculated values of Y are increased by 20% ( equivalent to about 2%
errors in activity coeﬃcients). In the case of the excess molar volumes, the hexadecane/hexane
mixture was simulated at T = 248K and P = 62MPa. The methane/methylnaphthalene
mixture was simulated at T = 295K and P = 46MPa was simulated. Our choices of mixture
was driven the availability of data.
The maximum percentage diﬀerence in equilibrium mole-fraction in the case of excess molar
volumes is about 0.006%, while it is about 0.2% in the case of Y . In the case of equilibrium
time, the percentage changes are about 0.06% and a magnitude of 10% respectively.
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In reservoir modelling we can therefore neglect the tedious and maybe expensive modelling of
excess volumes. However, we must use reliable data on activity coeﬃcients due to the sensitivity
of the model to this parameter. Good compositional and time-scale predictions are essential
for determining whether a reservoir is compartmentalized.
6.3.3 Inﬂuence of Activity Coeﬃcients
We have investigated the eﬀects of excess volumes in section 6.3.1, as well as the relative
importance of of activity coeﬃcients and excess volumes in section 6.3.2. We now look at the
eﬀects of activity coeﬃcients (contained in the thermodynamic factor [Γ]). Here, we simulate
the separation-mixing equation ﬁrst of a binary mixture at various uniform initial compositions,
using the calculated values of Yij. Then we do the same simulations assuming an ideal mixture
and compare the results. We repeat the same with a ternary mixture.
Methane/undecane with Actual Activity Coeﬃcients
Figure 6.33 shows a comparison between the ideal model and the real model (in terms of
activity coeﬃcients) for the methane/undecane in a reservoir of thickness 304.8m, at T = 295
and P = 46MPa.
(a) separation (b) equilibrium time
Figure 6.33: Comparison between an ideal model and the real model of the
methane/undecane in a reservoir of thickness 304.8m, at T = 295 and P = 46MPa.
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The average absolute deviation between the real and ideal curves for the separation plot was
about 26%, and for the equilibrium time plot also about 26%. We therefore see how the
thermodynamic factor aﬀects both the equilibrium time and separation in binary mixtures.
However, we can see that at some compositions this deviation is smaller, and larger when the
initial mole-fraction of methane is 0.6.
Methane/methylNapthalene with Actual Activity Coeﬃcients
Figure 6.34 shows a comparison between the ideal model and the real model (in terms of
activity coeﬃcients) for the methane/methylnaphthalene in a reservoir of thickness 304.8m, at
T = 295K and P = 46MPa.
(a) separation (b) equilibrium time
Figure 6.34: Comparison between an ideal model and the real model of the
methane/methylnaphthalene in a reservoir of thickness 304.8m, at T = 295 and P = 46MPa.
The average absolute deviation between the real and ideal curves for the separation plot
was about 36%, and for the equilibrium time plot over 140%, much larger than observed in
methane/undecane. We therefore see how the thermodynamic factor aﬀects both the equilib-
rium time and separation in binary mixtures. However, we can see that at some compositions
this deviation is smaller, and very large when the initial mole-fraction of methane is 0.9.
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Comparing ﬁgure 6.33 to ﬁgure 6.34, it is noticed that although on average the real mixture of
methane/MNP is very diﬀerent from its ideal mixture, at certain compositions the real mixture
of methane/undecane deviates more from its ideal mixture than does methane/MNP. Therefore
the eﬀect of the activity coeﬃcient is composition-dependent.
To illustrate what's happening, we note the following points of interest:
1. The value of Yij required for a binary mixture is simply Y11, since the conservation
equation for a binary mixture is a scalar equation. From ﬁgure 6.9, at initial con-
dition x1 ≈ 0.64 the value of Y11 = 0. Then from equation 3.4, the scalar (binary)
Γ = 1 + 0.64 × Y11 = 0 equals 1. This is why in ﬁgures 6.34a) and b), the equilibrium
separation and equilibrium time in the real mixture simulation are equal to those of the
ideal case when the initial condition x1 ≈ 0.64.
2. From ﬁgure 6.9, at x1 = 0.9 the value of Y11 = −0.77. Then from equation 3.4, the scalar
(binary) Γ11 = 1+ 0.9× (−0.77) equals approximately Y11 = 0.3. Let us assume that the
value of Y11 stays constant in the neighborhood of 0.9 − S2 ≤ x1 ≤ 0.9 + S2 , where S is
the separation at steady state. Then from equation (4.48), the separation of methane at
the top of the reservoir should be 1
Γ11
= 3.33 times that of an ideal solution of the same
physical properties. Looking at the data of ﬁgure 6.34a), the separation from the real
mixture can be computed and is also about 3.33 times that of the ideal mixture (ie over
200 %) at x1 = 0.9.
Comparing Methane/Undecane with Methane/MethylNapthalene
Comparing the equilibrium time plots for the two mixtures there are certain diﬀerences. The
plots for Methane/Undecane show rather even deviations between the real and ideal mixtures
so that the curves do not cross. Secondly, the maximum deviations from the ideal in the
methane/undecane mixture are far less than those of the methane/methylnaphthalene mixture
(i.e. more than 100 times when the mole-fraction of methane is 0.9), though there are com-
positions where the methane/undecane mixture deviates slightly more from its ideal mixture
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than does the methane/methylnaphthalene mixture. Therefore the deviation from ideal due to
the thermodynamic factor complexly depends both on concentration (since the thermodynamic
factor itself depends on mole-fraction) and nature of the molecules. However, it is certain that
deviation from the ideal is due to the thermodynamic factor since we included ideality using
the thermodynamic factor. For binary mixtures.
Methane/Pentane/Methylnaphthalene(MNP) with Actual Activity Coeﬃcients
We have just demonstrated the mechanism by which the thermodynamic factor aﬀects the
equilibrium concentration in binary mixtures, where the thermodynamic factor is a scalar. Let
us now take a look at a ternary mixture, where the thermodynamic factor is a matrix.
This mixture was simulated from uniform initial conditions, with the mole-fraction of methane
kept at 0.5, while the pentane/MNP ratio was varied. Figure 6.35 shows a comparison between
the ideal model and the real model (in terms of activity coeﬃcients) for the
methane/pentane/MNP in a reservoir of thickness 304.8m, at T = 295 and P = 46MPa.
(a) separation (b) equilibrium time
Figure 6.35: Comparison between an ideal model and the real model of the
methane/pentane/MNP in a reservoir of thickness 304.8m, at T = 295 and P = 46MPa.
The average absolute deviation between the real and ideal curves for the separation plot was
about 32%, and for the equilibrium time plot about 77%. However, we can see that at some
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compositions this deviation is smaller, and very large when the initial mole-fraction of pentane
is about 0.3. We therefore see how the thermodynamic factor aﬀects the equilibrium separation
in ternary mixtures.
The large diﬀerence in both equilibrium time and separation is because in the real mixture
of a linear alkane and an aromatic hydrocarbon might be due to the fact that the aromatic
molecule is nearly spherical, as opposed to the linear alkane. The interaction between molecules
of diﬀerent shapes as opposed to similar molecules when all the components are linear alkanes is
represented by the the thermodynamic factor. This alters the importance of molecular diﬀusion
so that the relative importance of gravity diﬀusion is diﬀerent. A higher degree of separation
means relatively higher gravity forces, while a lower separation means the molecular diﬀusion
forces are relatively large enough to even out the compositional variation.
6.4 Investigation of Experimental Results of Ratulowski et
al.
Ratulowski et al. [14] report an experimental investigation of isothermal compositional grading
in the Bullwinkle ﬁeld in the Gulf of Mexico. Although the ﬂuids in Bullwinkle are nowhere
near the critical point, nonetheless there is an observed gradient in saturation pressure of
3 psia/foot and the gas oil ratio changes by 700scf/bbl from the top to the bottom of the
oil column. Analysis suggested that the hydrocarbon column is at equilibrium but existing
equation of state models were not able to reproduce this behaviour. As a result Ratulowski
et al. performed a series of laboratory based experiments to investigate this behaviour further
using simple ternary mixtures. These experiments conﬁrmed earlier observations by Schulte
[21] that aromatic components in an oil tended to increased the vertical separation of methane.
Only molecular diﬀusion and gravity diﬀusion were eﬀective in their reservoir system. On
the basis of their experimental investigations Ratulowski et al. [14] proposed that the unex-
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pectedly high compositional grading observed in Bullwinkle was due to small changes in the
proportions of saturated and aromatic hydrocarbons in the oil. This was because in their exper-
imental results they saw a higher separation of components in a ternary mixture containing the
methane, pentane and the aromatic methylnapthalene compared with a ternary mixture con-
taining methane, pentane and undecane, despite the fact that undecane and methylnapthalene
have a very similar molecular weight.
Ratulowski et al. [14] performed the experiments in an apparatus of about 11cm in length,
where a centrifuge was applied to achieve reservoir gravity potentials equivalent to a reservoir
thickness of 304.8 meters. A reservoir pressure of 6, 800psia (≈ 46MPa) and a temperature of
72oF (295K) was assumed in this experiment.
We need to compare our numerical results with the experimental data for the following
reasons:
• to see if the trends match and so validate our numerical results
• to identify where there are diﬀerences between our model and the experimental results,
and suggest how to make the model reproduce the results in the real system
• to ﬁnd out why a ternary mixture of n-alkanes segregate to a very diﬀerent extent than
if one component is replaced by a cyclic hydrocarbon. This problem was posed by Ratu-
lowski et al. [14] in 2003, as they were unable to ﬁnd a satisfactory explanation.
To compare our results with the experimental data, we ﬁrst need to relate the chemical potential
in the rotating cell to the one in the gravitational column employed in our work.
Equating the potential in the centrifugal system to the equivalent one in the presence of the
gravitational force [14], we get
g(z − z0) = ω
2
2
(
r2 − r20
)
(6.8)
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where z0 = 0 in this work, r0 the distance (m) from the near end of the laboratory reservoir to
the axis of rotation, r the distance (m) from the axis of rotation along the laboratory reservoir3,
and ω the rotational speed (rad s−1).
Hence the analogy between the driving forces for segregation in the centrifugal system and
the gravitational system would result in the analogy between their ﬂuxes in table 6.4.
Table 6.4: Analogy between gravitational and rotational ﬂuxes
Separation Driving Force ﬂux
Gravitation DAB
RT
cxA(ρvA −MA)g
Rotation DABω
2
RT
cxA(ρvA −MA)r
6.4.1 Simulation of the Experiments using Methane/Pentane/MNP
by Ratulowski et al.
In this experiment, the initial mole-fractions of methane, pentane and methylnaphthalene(MNP)
were 0.525, 0.279 and 0.196 respectively. Figure 6.36 shows a comparison between our simula-
tion of the experiment reported in [14] with the expected results. Our model was that of a real
mixture, though we neglected excess volumes because of their negligible eﬀect.
3Ratulowski et al. used a set-up where r0 = 3.067′′ and at the farthest end of the apparatus r − r0 =
4.3′′ ≈ 10.9cm
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(a) methane (b) pentane
(c) methylnaphthalene
Figure 6.36: Comparison of the results from our numerical model to the experimental results
for the methane/pentane/MNP system, when the values of Y were calculated using UNIFAC-
Dortmund.
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We observe that the gradients in both numerical and experimental results have the same sign,
though our simulations produces ﬂatter gradients for methane and MNP. Our simulation showed
a percentage absolute deviation (of the average spatial gradients of steady-state compositions
of the various components) of 62%, 7% and 54% for methane, pentane and MNP respectively.
Ting et al. [99] performed further numerical and experimental investigations of the gravity
diﬀusion induced segregation seen in Bullwinkle. In particular they looked at the same ternary
mixtures Ratulowski et al.
From Ting et al.'s plots for the same apparatus size as ours, a rough estimate of the aver-
age percentage deviation of the spatial gradients of steady-state compositions of the various
components were 57% and 56% for methane and MNP respectively. This is comparable to our
errors of 62% and 54% for methane and MNP respectively. The sign of the errors of Ting et
al. are identical as ours. This suggests that they might have obtained the activity coeﬃcients
from the same source as ours (UNIFAC).
Ratulowski et al. performed EOS calculations using Shell's proprietary phase-behaviour
package. To obtain the laboratory results using the package, Ratulowski et al. could replicate
the laboratory results because of their choice of binary interaction parameters.
The diﬀerence between our errors and theirs lies in the diﬀerent models and numerical meth-
ods.
Errors in Activity Coeﬃcients might be Responsible for these Errors
In section B.3 we have noted that the errors in the calculated activity coeﬃcients of a component
i, γi using UNIFAC-Dortmund [97], is about 5%. To investigate the sensitivity of our model
to activity coeﬃcients, we made sure that the errors we added to the activity coeﬃcients were
less than 5% at each point. So we added errors in activity coeﬃcients of 2% at compositional
152 Chapter 6. Results
ratio 5 : 3 : 2 and see that it produced errors in Y of about 20% Yij. Therefore we could now
add the errors in Y directly to Γ. This was more easily done in our model, by introducing the
errors directly to Yij instead, that are supposed to be caused by errors in activity coeﬃcients
of 2% at compositional ratio 5 : 3 : 2, knowing that Yij = ∂ ln γi∂xj |T,P,Σ.
Figure 6.37 shows the calculated activity coeﬃcients and their corresponding values of Y , as
well as the values after adding a correction of 2% to the activity coeﬃcient
(a) Calculated activity coeﬃcients of methane
and the same coeﬃcients plus errors, against
mole-fraction of pentane. The error bars show
the calculated activity coeﬃcient ±5%
(b) Y from the calculated activity coeﬃcients of
methane and Y from the coeﬃcients with errors,
against mole-fraction of pentane
(c) Percentage errors between Y obtained from
the calculated activity coeﬃcients and Y from
the coeﬃcients with errors of about 2%
Figure 6.37: Showing how 2% errors in γ produce larger errors in Y (more than 20% at
composition 5 : 3 : 2) in the methane/pentane/MNP mixture suggested in this section.
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In ﬁgure 6.37a), errors of (50×x32)% were added to the activity coeﬃcients of methane γ1, where
0 ≤ x2 ≤ 0.45 is the mole-fraction of pentane in the methane/pentane/undecane mixture (recall
the composition of this mixture, used for ﬁgure 6.10 for instance). The error bars in ﬁgure 6.37a
indicate that the errors added to γ1 were less than 5%, while the consequent percentage errors
in Y in ﬁgure 6.37b are greater than 20% for the composition of pentane (x2 = 0.3) in the
experiment of Ratulowski et al. This makes it easier to add the errors.
We now consider equal errors of 20% to the gradients, Y , of the natural logarithms of the
activity coeﬃcients that appear in Γ. In ﬁgure 6.38, we simulate methane/pentane/MNP
considering this error and compare the deviation from experiment with that of the deviation
obtained using the previous experiment. Figure 6.36 below shows the comparison between this
simulation and the experiment.
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(a) methane (b) pentane
(c) methylnaphthalene
Figure 6.38: Comparison of the results from our numerical model to the experimental results
for the methane/pentane/MNP system, when arbitrary error corrections of about 2% in γ were
implemented in the simulation.
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In ﬁgure 6.38 the percentage deviation of the spatial gradients of steady-state compositions of
the various components were 2.8%, 200% and 28% for methane, pentane and MNP respectively.
The gradient of methane and MNP from our simulations get closer to the respective gradients
from the experiment, but that of pentane deviate further. This suggests, however, the sensitivity
of the mixture to errors in activity coeﬃcients.
We would like to see how the errors of the mole-fractions at each spatial point changed after
the 2% correction in γ. If the errors between the simulation using the calculated values of γ and
the experimental results are subtracted from the errors between the simulation using the 2%
correction in γ and the experiment, we can see there there is a consistent reduction in error due
to this correction (that is, if all the diﬀerences in error have negative signs). Both deviations
are compared graphically in ﬁgure 6.39 below.
Figure 6.39: The diﬀerence in deviation at each point along the apparatus, between the simula-
tion with about 2% errors in the calculated values of γ and the simulation using the calculated
values of γ
Note that the cause of the wiggles in ﬁgure 6.39 is that the data points we obtained from the
experimental results of Ratulowski at al., used to calculate the errors of our simulated results
do not align themselves in a smooth function. We have the following analysis of ﬁgure 6.39:
1. We notice that the deviations are reduced at some points and increased at other points.
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This still conﬁrms that the system is sensitive to activity coeﬃcients. However, we think
that that the errors in γ should depend on mole-fraction and hence are transient at each
point. In our simulation, a constant error of about +2% was considered independent of
composition instead, that is why the deviation from the experiment of Ratulowski et al.
did not reduce at all points along the apparatus.
2. The average deviation of methane's distribution from the experimental results are greatly
reduced, but those of pentane and MNP increased. We can suggest that in order for all
the deviations to reduce, the percentage errors in Yij (i, j = 1, 2, 3) should depend on the
ij pairs. In our simulation we only corrected errors of about 2% for all the pairs.
Therefore a function of composition and component pair should be found to represent the
errors. We have not yet found an expression of this error as a function of composition. We
think that would consistently reduce the deviation at all points for all the components.
6.4.2 Investigation of the Impact of Saturated and Aromatic Com-
pounds on Compositional Grading
We now investigate the impact of aromatic versus saturated components on compositional
grading by comparing the predictions of our simulation with the simulation data reported by
Ratulowski et al. [14]. Ratulowski et al [14] predicted a signiﬁcant increase in the vertical
segregation of methane in a ternary mixture of 50% methane, 30% pentane and 20% methyl-
napthalene compared with a mixture of the same composition except the metheylnapthalene
was replaced by undecane.
We have ﬁrst simulated both mixtures as ideal, in order to illustrate the relative separations
that would be expected in both mixtures (which should be proportional to the densities of
undecane and MNP), and then simulated the same mixtures with their calculated activity coef-
ﬁcients. Figure 6.40a) shows the steady-state mole-fractions of methane in both the undecane
mixture and the MNP mixture from our simulation of the two mixtures assuming an ideal
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mixture. Figure 6.40b) shows the steady-state mole-fractions of methane in both the undecane
mixture and the MNP mixture using the correlated activity coeﬃcients from our simulation.
Figure 6.40c) shows the steady-state mole-fractions of methane in both the undecane mixture
and the MNP mixture from the simulations by Ratulowski et al.
(a) ideal version using our numerical model (b) real version using our numerical model
(c) simulation by Ratulowski et al.
Figure 6.40: Comparison between the separation of methane in the methane/pentane/undecane
and methane/pentane/MNP mixtures in a reservoir of thickness 304.8m.
We have the following observations from ﬁgures 6.40:
1. Figure 6.40a: The separation of methane at the top of the reservoir is found to be 0.0026
and 0.0042 for the undecane mixture and the MNP mixture respectively. From the prop-
erties table of this mixture (table 6.3), the densities of undecane and MNP are about 726
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kg.m−3 and 1043 kg.m−3 (about 1.4 times the former) respectively. The separation in the
MNP mixtures is about 1.6 times that of the undecane one, reﬂected from the ratio of
their densities as we would expect.
2. Figure 6.40b: The separation of methane at the top of the reservoir is found to be 0.002
and 0.009 for the undecane mixture and the MNP mixture respectively. That of the
former is about 4.5 times the latter, indicating the inﬂuence of activity coeﬃcients.
3. Figure 6.40c (Ratulowski simulations): The separation of methane at the top of the lab
reservoir is found to be 0.005 and 0.04 for the undecane mixture and the MNP mixture
respectively. That of the latter is about 8 times the former.
The factor of 8 observed by Ratulowski et al. is much higher than the ideal 1.4. When we
included the calculated activity coeﬃcients, this value was raised to 4.5. This indicates that
the discrepancy observed by Ratulowski et al. suggests that previous models did not consider
activity coeﬃcients, and that activity coeﬃcients may be responsible for disagreement with
experimental results.
In section 6.3.3 we studied the eﬀects of activity coeﬃcients on the ﬁnal steady-state segregation
of components. We saw that both equilibrium time and composition of real mixtures (in
terms of activity coeﬃcients) of methane/MNP and methane/pentane/MNP were very diﬀerent
from those of ideal versions of these mixtures. In section 6.3.2 we also saw that activity
coeﬃcients are more important than excess volumes in gravity segregation in the presence
of molecular diﬀusion. These results suggest that the unexpected ratio of the separation in
methane/pentane/MNP to that of methane/pentane/undecane may be due to the diﬀerent
activity coeﬃcients involved in the two mixtures.
In this section we have also seen that there is already a discrepancy in our simulation, when
activity coeﬃcient calculations based on UNIFAC-Dortmund [97] were applied (see ﬁgure 6.40b.
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Now, we want to investigate whether errors in activity coeﬃcients (γ) within the error estimates
of UNIFAC-Dortmund could be the reason for this unexpected ratio. In this chapter, we shall
consider an error of roughly 2% to the value of γ in these mixtures and simulate the segre-
gation/mixing equation, to see if the separations of methane in the methane/pentane/MNP
would get to about 8 times that of the methane/pentane/undecane mixture, as observed ex-
perimentally by Ratulowski et al.
Figure 6.41a shows the separation of methane in the methane/pentane/MNP and
methane/pentane/undecane mixtures where their calculated activity coeﬃcients have been used
to calculate Yij. Figure 6.41a shows the separation of methane in the mixtures where a 2%
error was considered in the calculated values of γij.
(a) using calculated activity coeﬃcients to com-
pute Y
(b) considering equal uniform errors of 2% to γ
Figure 6.41: The eﬀect of activity coeﬃcients on the diﬀerence in the separation of methane in
the methane/pentane/MNP and methane/pentane/undecane mixtures
Figure 6.41a shows the separation of methane in both mixtures when the calculated values of
γi were used. Figure 6.41b shows the case where equal errors of roughly 2% were considered in
the calculated values of γi, as a consequence of supposed errors in the activity coeﬃcients. We
have the following observations from ﬁgures 6.41:
1. Figure 6.41a: The separation of methane at the top of the reservoir is found to be 0.002 and
0.009 for the undecane mixture and the MNP mixture respectively, when the calclated
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values of the activity coeﬃcients were used. That of the latter is about 4.5 times the
former, indicating the inﬂuence of activity coeﬃcients.
2. Figure 6.41b (about 2% errors in the activity coeﬃcients): The separation of methane at
the top of the lab reservoir is found to be 0.0025 and 0.02 for the undecane mixture and
the MNP mixture respectively. That of the latter is about 10 times the former.
This suggests that the increased segregation of methane in a ternary mixture containing methyl-
napthalene may be due to a diﬀerence in the activity coeﬃcients between the mixture contain-
ing undecane and the mixture containing methylnapthalene. Moreover, we observe that the
methane/pentane/undecane mixture is less sensitive to changes in the thermodynamic factor.
However, since the spatial gradient of the pentane composition increases (as opposed to those
of methane and MNP), we adding arbitrary errors as we did will not result in an overall re-
production of the experimental results. This only suggests that a more accurate estimation of
activity coeﬃcients might be necessary.
Analysis of the Increase in Separation of a Real Mixture of Methane in
Methane/Pentane/MNP compared to an Ideal Case
In section 6.3.3 we analyzed how [Γ] inﬂuences the separation of methane in a binary mixture.
In that case [Γ] was a scalar quantity. Now, let us do the same analysis with a ternary mixture.
The situation is more complex because in this case [Γ] is a matrix.
If we assume that [Γ] does not change in time and is the same everywhere, we can note the
following points of interest to help us in our analysis:
1. The values of Yij required for a ternary mixture are Y11, Y12, Y21 and Y22. From ﬁgure
6.11, at initial condition of methane x1 = 0.5 and pentane x2 = 0.3 we have Y11 = 0.036,
Y12 = −0.57, Y21 = −1.66 and Y22 = −1.38. From equation (3.21), δij + xiYij. Hence for
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the methane/pentane/methylnaphthalene mixture,
[Γ] =
 1 + 0.5× 0.036 0.5× (−0.57)
0.3× (−1.66) 1 + 0.3× (−1.38)
 ≈
 1 −0.29−0.5 0.59
 (6.9)
We can invert [Γ] and see why the separation with these values is higher than in the ideal
case where [Γ] is an identity matrix.
[Γ]−1 =
1
|Γ|
 0.59 0.29
0.5 1
 = 2.25
 0.59 0.65
0.5 1
 (6.10)
Hence we obtain
[Γ]−1 =
 1.3 0.29
1.1 2.25
 (6.11)
The ﬁrst row inﬂuences the separation of methane at the top of the reservoir, and the
second row the separation of pentane at the top of the reservoir. Let us analyze methane.
From our simulations of the methane/pentane/MNP mixture, f1 = 4.5 × 10−5 and f2 =
−2.4 × 10−6. We saw in section 4.3 that fi = (ρavvi−Mi)gRT . Using equation (4.50), the
separation of methane (component 1) in the real mixture is S1 ≈ 2Lx01(Γ−111 f1 + Γ−112 f2).
That of the ideal case is simply Sideal1 = 2Lx
0
1f1. S1 > S
ideal
1 due to that Γ
−1
11 > 1, and
though f2 is negative it is very small compared to f1. Moreover, f2 being multiplied by
Γ−112 = 0.29, so its product is small compared to Γ
−1
11 f1. This is why the separation in the
real mixture diﬀers much from the ideal one.
2. For comparison let us look at the same matrix for the methane/pentane/undecane mix-
ture. From ﬁgure 6.10, at initial condition of methane x1 = 0.5 and pentane x2 = 0.3
we have Y11 = 0.036, Y12 = −0.57, Y21 = −1.66 and Y22 = −1.38. Hence for the
methane/pentane/undecane mixture,
[Γ] =
 1 + 0.5× 0.88 0.5× 0.38
0.3× (−0.53) 1 + 0.3× (−0.31)
 ≈
 1.44 0.19−0.16 0.07
 (6.12)
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The inverse is
[Γ−1] =
 0.53 −1.44
1.2 10.97
 (6.13)
From our simulations of the methane/pentane/undecane mixture, f1 = 3.7 × 10−5 and
f2 = −1.15 × 10−5. The separation of methane at the top of the reservoir is given by
equation (4.50). For an ideal mixture it is simply Sideal1 = 2Lx
0
1f1. Since 2Lx
0
1 is a common
factor whether real or ideal let's divide S1 and Sideal1 by 2Lx
0
1 to obtain b1 and b
ideal
1 . We
have bideal1 = f1 = 3.7 × 10−5, while b1 = Γ−111 f1 + Γ−112 f2 = 3.6 × 10−5 ≈ bideal1 . There
is no remarkable change in separation from the ideal in the methane/pentane/undecane
mixture when the mixture is considered real in terms of activity coeﬃcients (i.e. in terms
of the thermodynamic factor).
The inverse of the thermodynamic factor is the basis for the analysis of the eﬀect on activity
coeﬃcient on separation. T
Why the Ternary System with MNP is more Sensitive to Changes in Γ than is the
System with Undecane
In section 6.4.2 we saw that the methane/pentane/undecane system underwent a negligible
change in separation, as opposed to the methane/pentane/MNP mixture. The analysis in
section 6.4.2 points to the [Γ] matrix. One mixture is more sensitive to another due to the
manner in which the elements of the inverse matrix changes. This can be explained with
similar arguments as in section 6.4.2 about the inverse of the thermodynamic factor.
We suggest that the increased segregation (or activity coeﬃcients that enhance segregation)
that occurs in the mixture containing Methylnapthalene might be due to the fact that the
Methylnapthalene molecule is more nearly spherical than the undecane molecule (which is a
long chain of carbon atoms). The longer undecane molecules will impede the random motion of
the methane molecules more as at reservoir pressures the separation of the molecules is similar
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to the mean free path length. Polarity is unlikely to aﬀect collisions as methylnapthalene is no
more polar than undecane in its interactions with pentane and methane.
Chapter 7
Conclusions
This work has used a combination of mathematical analysis and numerical simulation to inves-
tigate the rate and degree of segregation in both real and ideal hydrocarbon mixtures under
the inﬂuence of molecular and pressure diﬀusion in 1-D isothermal reservoirs. The inﬂuences of
reservoir thickness, initial composition and ﬂuid properties (including the importance of treat-
ing the ﬂuids as ideal or non-ideal) on the timescales for steady state to be established and on
the ﬁnal steady state vertical compositional proﬁle have been studied. We made a number of
simplifying assumptions in this study, the most important of which were that the reservoir is
isothermal and that advection is negligible. This is eﬀectively assuming that
1. there are no horizontal temperature gradients,
2. the vertical temperature gradient is such that thermal diﬀusion and natural convection
are negligible,
3. the reservoir ﬁlling is complete,
4. gravitational overturning occurs much more quickly than diﬀusion so equilibrium will
already have been established with respect to Darcy ﬂows.
A new numerical program was developed for this purpose and validated against some ana-
lytical results [39] and previous numerical solutions [8]. Furthermore, a new explicit analytical
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steady-state solution for the ideal case was developed from a previous, implicit attempt. The
unexpected experimental results of Ratulowski et al. [14] are given a plausible explanation in
terms of sensitivity to activity coeﬃcients. The details of our conclusions are presented below.
7.1 Ideal versus Real Mixtures
The results in section 6.3.1 show that the eﬀect of excess volume (i.e. the actual, calculated
excess volumes from correlation) is negligible both on equilibrium time and equilibrium com-
position. The knowledge of this saves us the time needed to acquire accurate excess volumes
and modelling them.
Section 6.4.1 tells us that gravity segregation in the presence of molecular diﬀusion is quite
sensitive to activity coeﬃcients, especially for mixtures containing both aromatic and linear
hydrocarbons. A good model of reservoirs would provide engineers and geologists with more
reliable data to work with when planning production schemes, and hence reliable values of
activity coeﬃcients must be obtained.
7.2 Impact of Reservoir Fluid Properties on Diﬀusive Seg-
regation
7.2.1 Reservoir Thickness
The degree of separation is directly proportional to reservoir thickness. This can be seen in
ﬁgure 6.14 where the separation of methane is plotted against reservoir thickness. This is
also seen in the newly-derived expression for separation in section 4.3. This implies that the
compositional gradient of each compartment of a vertically compartmentalized reservoir would
be less than that of the whole reservoir if it were without any complete barriers.
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Most reservoirs have total hydrocarbon columns with a thickness rather less than the 300m
used in our calculations. Our calculations suggest that in many cases it may be very diﬃcult to
detect gravity segregation of components due to gravity diﬀusion. For example the equilibrium
separation for methane/undecane is only 0.0019 for a hydrocarbon column of 100m. This is
below limits of detection.
Although the rocks may be hundreds of millions of years old, many reservoirs only ﬁlled with
hydrocarbons in the last million years. Thus a typical reservoir age is a few million years. An
important conclusion we make from ﬁgure 6.15 is that for a typical reservoir height of 100m,
the reservoir must have attained steady state within 1 million years if we apply the diﬀusive
resistance lower limit of 0.01. Hence, we would expect reservoirs to have equilibrated as the
typical reservoir age is hundreds of million years. Given the assumptions in this work, if a
real reservoir deviates from the predicted steady-state compositional variation, it may suggest
compartmentalization.
7.2.2 Density Diﬀerence
The larger the density contrast between components the quicker the time to achieve segregation.
Nonetheless segregation times for typical hydrocarbon columns will be of the order of a few
hundred thousand years assuming the hydrocarbon was initially well mixed. In addition the
steady state segregation of the components will be large for larger density contrasts.
7.2.3 Diﬀusion Coeﬃcient
The molecular diﬀusion coeﬃcient clearly has a signiﬁcant impact on equilibrium time. The
larger the diﬀusion coeﬃcient the quicker will be equilibration time in general.
However the size of the diﬀusion coeﬃcient has no impact on the ﬁnal steady state distribution
of components when the sole forces of movement are molecular diﬀusion and gravity diﬀusion.
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This is controlled by the density contrast between components and, in a non-ideal system, by
the activity coeﬃcients.
Diﬀusion coeﬃcients only need to be known to within an order of magnitude when estimating
equilibrium times, but more accuracy is needed for activity coeﬃcients for non-ideal system.
Thus although diﬀusion coeﬃcients are generally not well known at reservoir temperatures and
pressures, in the majority of cases this should not prevent engineers from estimating time-
scales for equilibration. However we have seen for the ternary system with methylnapthalene
that errors of only a few percent in activity coeﬃcient may signiﬁcantly change the predicted
separation, which in turn may aﬀect calculations of ﬂuids in place in the reservoir. It is therefore
important to obtain good quality estimates of these coeﬃcients.
7.3 Analytical Treatment of Separation
An approximate analytical solution has been found to the ideal multi-component separation-
mixing equation that describes the vertical proﬁle of each component in a hydrocarbon mixture
at steady-state. We have shown that, in general, this solution is also for valid for non-ideal
mixtures as excess volumes have a negligible eﬀect on separation. This expression can be used to
quickly evaluate the impact of uncertainty in activity coeﬃcient on segregation of components.
The analytical expression for separation can be used to explain why certain compositions result
in more separation than others. Thus the analytical expression for separation can be used to
chose the composition of a mixture that results in the maximum separation, if more separation
is deemed to facilitate the experimental studies in question.
7.4 Case Study using Data from Ratulowski et al. (2003)
The numerical simulator developed in this thesis was used to investigate the segregation of
hydrocarbon components obtained experimentally by Ratulowski et al (2003). Ratulowski
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et al (2003) adjusted the binary interaction coeﬃcients in their equation of state model in
order to match their experimental data. It has been shown in this thesis that the most likely
explanation for the greater segregation observed in the methane/pentane/methylnaphalene
mixture compared with the methane/pentane/undecane mixture was diﬀerences in activity
coeﬃcients for the two mixtures. Other factors were discounted as follows:
1. Excess volumes were shown to have a negligible eﬀect on segregation due to gravity
diﬀusion in Chapter 6.
2. Experimental errors were not mentioned in the work of Ratulowski et al., since they
used a methane mole-fraction of 0.525, a pentane mole-fraction of 0.279, and an MNP
mole-fraction of 0.196, we assume that they were conﬁdent to be able to measure the
mole-fractions to the nearest 0.001. Moreover, they themselves did not attribute the
discrepancy to experimental errors.
3. The separation might depend on the composition used. However, the two experiments
were performed using the equivalent compositions.
4. The maximum separation has been found to depend solely the molar volumes of the
components. Since undecane and MNP have similar molar volumes, the composition that
produces maximum separation for both mixtures is the same, and this is the composition
they used.
Therefore, accuracy of activity coeﬃcients should be a premium when simulating mixtures
of linear alkanes with aromatic alkanes, for instance the Bullwinkle J2-RB ﬁeld in the Gulf
of Mexico, which exhibits a signiﬁcant variation in gas/oil ratio (GOR) [14]. However the
importance of activity coeﬃcients is concentration-dependent, and therefore might be more
important at certain compositions of linear alkane mixtures as well.
7.5 Applications to Real Reservoirs
The analyses and numerical simulator developed in the course of this research can be used to
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1. Estimate the time-scales for a chosen initial composition distribution (uniformly mixed,
constant gradient or completely segregated) to reach steady state, assuming that gravi-
tational overturning and thermal diﬀusion are negligible. Comparing this time-scale with
the probable time since the reservoir ﬁlled will provide information as to whether the
reservoir should have reached steady state. If a non-equilibrium vertical compositional
distribution is observed in the actual reservoir when calculations indicate the reservoir
ﬂuids should have reached steady state then this is a strong indication that there may be
barriers or baes to ﬂow.
2. Estimate the steady state vertical composition distribution in a binary or ternary mixture
resulting from molecular diﬀusion and gravity diﬀusion. Comparison with the actual
proﬁle will provide evidence that the reservoir is still ﬁlling, has barriers to vertical ﬂow
or is perhaps still equilibrating.
3. Design ﬂuid mixtures for laboratory experiments that will exhibit the greatest or least
vertical segregation of components.
The results suggest the ﬂuids in most reservoirs should have reached an equilibrium distribution
unless:
• ﬁlling occurred very recently (in the last few hundred thousand years),
• thermal diﬀusion and natural convection are occurring,
• there are barriers or baes to ﬂow.
7.6 Future Work
The work described in this thesis could be usefully extended by:
• allowing non-uniform vertical temperature proﬁles to be input and including thermal
diﬀusion in the calculations,
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• developing a 2-dimensional program that models advection as well as molecular, gravity
and thermal diﬀusion,
• investigating the interactions of the diﬀerent diﬀusion terms and determining the circum-
stances under which they have an inﬂuence on composition distribution,
• including barriers and baes as well as sources and sinks in the above mentioned 2-D pro-
gram to examine the impact of reservoir heterogeneity on ﬁnal hydrocarbon composition
distribution,
• extending (either analytically of numerically) the solution to equation (4.53)) so that it
can predict the maximum separation in ternary or possibly 4-component mixtures
• and developing methods to measure activity coeﬃcients more accurately in the laboratory.
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APPENDICES
Appendix A
Obtaining the Molar Volumes for the
Required Temperature and Pressure
Experimental data on the methane-decane real mixture densities at T = 393K and P = 75MPa used
to produce ﬁgure 5.4 were obtained from Audonnet et al. [87].
Experimental data on the methane-undecane real mixture densities were not available to us. The
conditions we required for the methane-undecane were P = 68MPa and T = 373K. We therefore used
the Tait Equation [89] to ﬁnd the density of undecane. The densities of liquids at P = 0.101325MPa for
a large range of temperatures can be produced interactively in [88], with their correlation formulas/plots
as a function of temperature. We therefore found the density of undecane at P = 0.101325MPa and
373K from [88], and then using the Tait equation we obtained the density at P = 68MPa, 373K.
The Tait Equation, given by
v0 − v
v0
= C log
(
B + p
B + p0
)
(A.1)
or
ρ0 − ρ
ρ0
= C log
(
B + p
B + p0
)
(A.2)
gives a widely accepted correlation for density based on pressure and temperature. In the formula, ρ0
and V0 refer to values at p0 = 0.101325 MPa. In [89, 100] it is noted that for pressures p < 500 MPa
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C can be taken as a constant 0.2.
B is given by B = Bc − (Cn − 6), where Cn is the number of carbon atoms in each molecule. For
n-alkanes, Bc = 341.539−734.292Tr+411.189T 2r as presented in [100], where the reduced temperature
Tr = TTc ≤ 0.66. The temperature T = 373K is only about half the critical temperature of undecane,
so we expect a satisfactory estimate. We extrapolated the data from [101] to estimate the density of
methane at these conditions because T = 373K> 0.66Tc (not suitable for applying the Tait equation)
for methane.
The densities of methane and pentane at T = 295K; P = 46MPa were veriﬁed using RefProp
[94], while those of undecane were found using the Tait equation [89]. Those of methylnaphthalene
T = 295K; P = 46MPa were obtained by extrapolating the experimental data of Caudwell [102].
The density of cyclohexane and hexane at T = 348K and P = 62MPa were estimated from experi-
mental results of Amorim et al. [96], while that of hexadecane was obtained using the data of Dymond
et al. [95].
Appendix B
Calculation of Diﬀusion Coeﬃcients
From [103],
Ðij = ( Ð0ij)
xj ( Ð0ji)
xi
n∏
k=1,k 6=i,j
( Ðik Ðjk)
xk
2 (B.1)
where the Ð0ij are inﬁnite diﬀusion coeﬃcients. The inﬁnite diﬀusion coeﬃcients are calculated by the
formula [32]
Ð0ij = (13.3− 8)T 1.47η
( 10.2
vbi
−0.791)
j v
−0.71
bi
(B.2)
where vbi is the molar volume at normal boiling point, and ηj the dynamic viscosity.
B.1 Obtaining Molar Volumes at Normal Boiling Point
Molar volumes at normal boiling point1 are required for the computation of the diﬀusion coeﬃcients.
The molar volumes at normal boiling point (vbi) were found using the interactive graphs in [88], at
P = 0.101325MPa.
1Molar Volumes at Normal Boiling Point (vbi) should be entered into equation B.2 in cm
3/mol, as stated in
[32] and [24].
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B.2 Obtaining Viscosities for the Required Temperature
and Pressure
The viscosities2 of the pure compounds at reservoir conditions are needed for the computation of
diﬀusion coeﬃcients. During the course of this project, we discover that viscosity data for various
reservoir conditions are very diﬃcult to get. The viscosities of liquids at P = 0.101325MPa for a large
range of temperatures can be produced interactively in [88], with their correlation formulas/plots as a
function of temperature. However, we need viscosities at reservoir pressures.
A correlation method that produces very accurate results in predicting the dynamic viscosities of n-
alkanes for a large range of temperature-pressure points is described in [104]. Most of the temperature-
pressure points calculated with the correlation in [104] showed a deviation of less than 5% from exper-
imental values. However, for a few substances, the error was between 5% and 10% from experimental
values. Another paper [105] has experimentally obtained viscosities of methane for various tempara-
ture/pressure data points , which can be easily interpolated to our required reservoir condition.
At T = 295K and P = 46MPa the viscosities of methane and pentane were estimated from [94],
that of methylnaphthalene was interpolated from experimental data in [102], while the viscosities of
hexadecane, hexane and undecane at T = 348K were found using the correlation and data in [104].
At T = 373K (and P = 68 or P = 75) MPa the viscosity of methane was obtained using the data in
[105] and those of decane and undecane using the correlation and data in [104].
We could not ﬁnd the viscosity of cyclohexane. The hypothetical value for the viscosity of cyclohex-
ane used was simply the viscosity at T = 348K and atmospheric pressure obtained from [88], arbitrarily
multiplied by 2.5 since the calculated values of hexadecane and hexane were found to be about double
their respective atmospheric values. We emphasize that the viscosity only inﬂuences the diﬀusion co-
eﬃcient, and therefore only the equilibrium time but not the steady-state composition. Moreover, the
simulations involving the equilibrium time of cyclohexane are for comparing the real and ideal cases,
which have identical viscosity values and so the accuracy of cyclohexane's viscosity does not aﬀect the
comparison.
2The viscosity η should be entered into equation B.2 in mPa ·s, as stated in [32] and [24].
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B.3 Obtaining Data for [Γ]
Activity coeﬃcients γ and the gradients, Y , of their natural logarithms with respect to each compo-
nent for the methane/undecane, methane/pentane/methylnaphthalene, methane/pentane/undecane
and methane/methylnaphthalene mixtures were estimated using UNIFAC-Dortmund (the most re-
cently and modiﬁed work on UNIFAC[97]) for T=295K and P=46MPa. UNIFAC [106] is a common
tool for chemical engineers to estimate activity coeﬃcients. Its accuracy decreases at pressures above
50MPa [107], but UNIFAC was used only because we had access to an implementation of UNIFAC in
C++, so we decided to use UNIFAC as a ﬁrst approximation [108].
The modiﬁed UNIFAC method (UNIFAC-Dortmund) [97] employed a parameter-ﬁtting procedure
and a data base consisting solely of activity coeﬃcients at inﬁnite dilution. The basis for the parameter
ﬁtting procedure was formed by 791 measurement series with a total of 1773 values. The calculations
yielded a mean percentage deviation of 5.3% from experimental values.
Appendix C
General Derivation of Molecular Fluxes
The molecular diﬀusion ﬂux JMi , is the number of moles of i, ﬂowing per unit area of a surface
perpendicular to the direction under consideration, due to a spatial gradient in chemical potential (µi)
of that component. We may therefore express a function of the driving force of component-i, di as [24]
dMi =
xi
RT
∇T,Pµi (C.1)
where µi is the chemical potential of component i. There is a detailed discussion on chemical potential
in [74]. In [24], dMi is expressed in the following way:
dMi =
xi
RT∇T,Pµi
= xiRT
∑n−1
j=1
∂µi
∂xj
|T,P,Σ∇xj
= xiRT
∑n−1
j=1 RT
∂ ln γixi
∂xj
|T,P,Σ∇xj
= xi
∑n−1
j=1
(
∂ lnxi
∂xj
+ ∂ ln γi∂xj |T,P,Σ
)
∇xj
=
∑n−1
j=1
(
δij + xi ∂ ln γi∂xj |T,P,Σ
)
∇xj
=
∑n−1
j=1 Γij∇xj
(C.2)
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where γi is the activity coeﬃcient of component i and
Γij = δij + xi
∂ ln γi
∂xj
|T,P,Σ, (C.3)
where δij is the Kronecker delta function (δij = 1 if i = j and equals 0 otherwise). The derivative is
evaluated at constant pressure, temperature and Σ. The symbol Σ denotes all mole-fractions except
xj . For an ideal mixture, the thermodynamic factor [Γ] is a unit matrix.
In vector form, the result of equation C.2 is given by [24]
−→
d
M
= [Γ]−→∇x (C.4)
where the ith element of
−→∇x is ∇xi.
The molecular diﬀusion ﬂux is then given by
−→
J
M
= −c[D]−→d M = −c[D][Γ]−→∇x (C.5)
Appendix D
Genaral Derivation of Gravity Diﬀusion
Fluxes
Irreversible thermodynamics has already been applied to derive an equilibrium equation for obtaining
the driving force on each component due to gravity [35]. This was obtained by deriving the change of
the Gibbs free energy (dG) in a gravity ﬁeld. The resulting expression includes the contribution to G
due to the mass displacement of the components in a mixture. As explained in [35], the driving force
per mole in a multi-component mixture due to gravity is found in the following form way:
The heat in the system is given by
Q = U + PV (D.1)
Since the entropy is given by
S =
Q
T
(D.2)
where T is the temperature,
ST = U + PV (D.3)
where U is the internal energy of the system. Therefore the Gibbs free energy is
G = U + PV − ST (D.4)
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and
dG = dU + PdV + V dp− SdT − TdS. (D.5)
G is the Gibbs free energy (J), U the internal energy (J), P the pressure (Pascal), T the temperature
(Kelvin), V the volume (m3), and S the entropy (J K−1).
However, at constant temperature and pressure, we know
dU = TdS − PdV (D.6)
Substituting equation (D.6) into equation (D.5), we obtain
dG = V dp− SdT (D.7)
This expression can be found in [74]. But if in addition to volume and pressure change, we consider
the gravitational energy of the system of mass m at height z, then
dU = TdS − PdV +mgdz. (D.8)
and hence
dG = V dp− SdT +mgdz (D.9)
mgdz refers to the energy needed to move the mass m through height dz. equation(D.9) is for a closed
, single-component system. For a multi-component system, in addition to the work done in moving
the bulk mass m, there is an exchange of each component i of mass niMi, where ni is the number of
moles of component i in motion, and Mi is the molar mass of component i. Chemical work, µidni is
also done by each mole of component i. In this case, equation(D.9) is modiﬁed to
dG = V dP − SdT +mgdz +
N∑
i=1
(µi +Mizg) dni (D.10)
At equilibrium, dG must vanish. This is the Gibbs criterion of equilibrium. Therefore, since z and P
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are dependent,
dT = 0
µi +Mizg = 0
V dP +mgdz = 0 (D.11)
The second expression of equation (D.11) provides the Gibbs sedimentation expression,
dµi = −Migdz = 0 (D.12)
at isothermal conditions.
We can as well write dµi in terms of the independent variables P and x(x1, x2, ..., xN−1) [35] at
constant temperature:
dµi =
(
∂µi
∂P
)
x,T
dP +
N−1∑
j=1
(
∂µi
∂xj
)
P,T,xi
dxj (D.13)
But from many texts in thermodynamics, e.g [35, 74], we know
(dµi = vidP )T,xi (D.14)
where vi is the partial molar volume of component-i.
Combining equation(D.14), equation(D.12) and equation(D.13), we obtain
N−1∑
j=1
∂µi
∂xj
∂xj
∂z
= (ρvi −Mi)g (D.15)
for a 1−D system with only hydrostatic pressure.
The expression (equation (D.15)) is derived in [35], and is repeated above only for clarity.
Observe that equation(D.15) is the negative of the gravity driving force per mole.
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In order to get an expression for the gravity diﬀusion ﬂux, let us recall the deﬁnition for diﬀusion
ﬂux:
Deﬁnition D.1 The molar diﬀusion ﬂux Ji, of component i, is the number of moles, ﬂowing per unit
area of a surface perpendicular to the direction under consideration, due to the force per unit mole (in
the case of gravity this forv=ce is −∑N−1j=1 ∂µi∂xj ∂xj∂z ) of that component.
Using that deﬁnition, the gravity diﬀusion ﬂux in binary mixture of A and B for a 1-D system is given
by multiplying the driving force per mole by the mobility (DABRT cxA):
JPA =
DAB
RT
cxA
∂µA
∂z
=
DAB
RT
cxA(ρvA −MA)g (D.16)
and for a multi-component mixture
−→
JP = c[D]
−→
FP (D.17)
where
−→
FP =

x1(ρv1−M1)g
RT
x2(ρv2−M2)g
RT
.
.
xN−1(ρvN−1−MN−1)g
RT

(D.18)
and
ρ =
∑N
i=1 xiMi∑N
i=1 xivi
(D.19)
Appendix E
Computing ∂vm∂xk
In order to compute vi, we need to get
∂vm
∂xk
, k 6= N , where N is the number of components (see
equation 3.30). Combining equations (3.28), (3.29) and (D.3)
vm =
N∑
i=1
xivi +
N∑
j=1
j−1∑
i=1
xixjAij +
N∑
j=1
j−1∑
i=1
xixjBij(xi − xj) +
N∑
j=1
j−1∑
i=1
xixjCij(xi − xj)2 (E.1)
Diﬀerentiating with respect to xk term by term, and remembering one important rule for thermo-
dynamic variables xi, 1 ≤ i ≤ N that states that as the variable xk changes, the mole-fractions
xi : i 6= k < N stay constant, we obtain (3.30) results in
∂(nvm)
∂xk
= vk − vN + 2
∑N
i=1(xiaki − xiaNi) +
∑N
i=1 xiAki −
∑N
i=1 xiAiN+
+2
∑N
i=1 xi(xkBki − SBN i)−
∑N
i=1 x
2
i (Bki −BNi)+
+3
∑N
i=1(x
2
kxiCki − S2xiCNi)+
+
∑N
i=1(x
3
iCki − x3iCNi)− 4
∑N
i=1(xkx
2
iCki − Sx2iCNi)
(E.2)
after laborious calculus and algebra.
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Appendix F
The Stefan-Maxwell Equation and its
Implementation in Molecular Diﬀusion
and Gravity Segregation
Taylor and Krishna [24] have derived the Stefan-Maxwell equation, which we present in this section.
The Stefan-Maxwell equation is motivated by the point of view that sees the friction between component
i and j in a multi-component mixture to be proportional to the mole-fractions of component i and j,
and their diﬀerence in velocity.
friction between components i and j ∝ xixj(υi − υj) (F.1)
where υi is the velocity of component i.
Since the force on component i proportional to the spatial gradient of it's chemical potential µi, this
can be written as
di due to component j = ζijxixj(υi − υj) (F.2)
where di =
∑N−1
j=1 Γij∇xj for molecular diﬀusion, and di = xi (ρvi−Mi)gRT for gravity diﬀusion [24], is
a function of the driving force. The ﬂux is given by Ji = ciυi = cxiυi, where ci and c are the
molar concentration of component i and that of the mixture respectively, and ζij is the constant of
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proportionality between components i and j. The total friction on component i is then given by the
sum of it's interaction with the rest of the components. Hence
di =
N∑
j=1(j 6=i)
ζijxixj(υi − υj) (F.3)
where the constant of proportionality ζij is
1
Ðij
and Ðij is known as the Stefan-Maxwell diﬀusion
coeﬃcient between components i and j.
Applying Ji = ciυi = cxiυi and ζij = 1Ðij we obtain
di =
N∑
j=1(j 6=i)
xjJi − xiJj
c Ðij
(F.4)
Taylor and Krishna [24] present the matrix formulation of the Stefan-Maxwell equation which is de-
veloped by expanding, regrouping and simplifying equation (F.4) to obtain
−c−→d = [B˜]−→J (F.5)
In this work, we can expand and regroup equation (F.4) to obtain
c
−→
d = [B˜]−→J (F.6)
where [B] = −[B˜], −→J the vector whose components are the molar ﬂux of each component, and −→d is the
vector whose components are functions of the driving force of each component (precisely, a function of
the gradient of each mole-fraction). The elements of [B]( are
Bij = − xi
Ðij
(F.7)
Bii =
N∑
j=1,i6=j
xj
Ðij
(F.8)
Here, Ðij = Ðji.
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For a ternary system,
[B] =

− x2Ð12 −
x3
Ð13
x1
Ð12
x1
Ð13
x2
Ð21
− x1Ð21 −
x3
Ð23
x2
Ð23
x3
Ð31
x3
Ð32
− x1Ð31 −
x2
Ð32
 (F.9)
where Ðij = Ðji are called Stefan-Maxwell diﬀusion coeﬃcients and
−→
J is a vector of the component
molar ﬂuxes.
By substituting the driving force vector equations (C.4) and (3.23), as well as equation (F.9) into
equation (F.6), we can now write equation (F.6) in full. For brevity, we illustrate this with a ternary
system.
[Γ]

∂x1
∂z
∂x2
∂z
∂x3
∂z
−
1
RT

x1(ρv1 −M1)g
x2(ρv2 −M2)g
x3(ρv3 −M3)g
 =

− x2Ð12 −
x3
Ð13
x1
Ð12
x1
Ð13
x2
Ð21
− x1Ð21 −
x3
Ð23
x2
Ð23
x3
Ð31
x3
Ð32
− x1Ð31 −
x2
Ð32


J1
J2
J3

(F.10)
Where [Γ] is the thermodynamic factor. We need to invert [B] to get a numerical value for (J). We
can clearly see that the matrix [B] is singular, as the sum of the elements of any one column is zero.
In [75], molar conservation is used to render equation (F.10) solvable for (J). This is done by applying
the conservation of mass (equation (5.16)) to the bottom elements of equation (F.10).

d˜M1
d˜M2
0
+
1
RT

x1(ρv1 −M1)g
x2(ρv2 −M2)g
0
 =

− x2Ð12 −
x3
Ð13
x1
Ð12
x1
Ð13
x2
Ð21
− x1Ð21 −
x3
Ð23
x2
Ð23
1 1 1


J1
J2
J3
 (F.11)
where the vector
−→˜
d
M
is given by
(d˜M ) =

Γ11 Γ12 0
Γ21 Γ22 0
0 0 0


∂x1
∂z
∂x2
∂z
0
 (F.12)
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The elements of the last column of Γ have been taken as zeros because they will be multiplied by zero
anyway, while the elements of the last row are all zeros because the last element of the vector
−→˜
d
M
should be zero for the conservation of mass [75] ( or volume in this case).
However, mass conservation results to ones in the bottom row of [B] only for a mixture where
the components have equal molar volumes. In general, the volume of an incompressible mixture is
conserved, and instead of mass conservation, volume conservation is performed (see appendix 5.4.2) to
the bottom elements of equation (F.10).

d˜M1
d˜M2
0
+
1
RT

x1(ρv1 −M1)g
x2(ρv2 −M2)g
0
 =

− x2Ð12 −
x3
Ð13
x1
Ð12
x1
Ð13
x2
Ð21
− x1Ð21 −
x3
Ð23
x2
Ð23
v1 v2 v3


J1
J2
J3
 (F.13)
Note that even after the last row of [B] has been modiﬁed, we still maintain its name as [B] to avoid
confusion. After the matrix inversion of [B] to [B]−1 = [D] we can obtain the total ﬂux of each
component at a spatial point by

J1
J2
J3
 =

B−111 B−112 B−113
B−121 B−122 B−123
B−131 B−132 B−133


d˜M1 + x1
(ρv1−M1)g
RT
d˜M2 + x2
(ρv2−M2)g
RT
0
 (F.14)
Appendix G
Computer program
Here is a description of the computer program developed in the course of the research.
G.1 About the Program
The code is written in C++.Net on the Microsoft Developer Network platform [109]. A third-party
matrix and vector linear algebra library known as LAPACK++ [110], was employed to ease the ma-
trix/vector manipulations. C++ is an object-oriented language. In object-oriented programming
(OOP), objects belong to classes. Each class has two kinds of ﬁles: a header ﬁle (with extension ".h")
where the member function and variables are initiated, and the source ﬁles (with extension ".cpp")
where the functions of a class are deﬁned. Then, the Main ﬁle is the source ﬁle where the functions
from all the classes are called.
G.2 Flowchart
Figure G.1 is a ﬂowchart of the program. The main functions (routines) also make use of many other
functions (subroutines) that are not shown in the ﬂowchart, but this summary can easily guide a
user/programr through the program.
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Figure G.1: Flow chart of computer program.
190 Appendix G. Computer program
G.3 Input Files
Input is provided in text ﬁles. The required text ﬁle is entered in the command line when prompted.
The code is mTextFile = "full path/ﬁlename.txt;". The user saves a text ﬁle named "inpath.txt" in
the drive where the directory of the input ﬁles are. "inpath.txt" should not be in any directory, but
simply in the drive. In "inpath.txt", write the full path for the input ﬁles.
In the input text ﬁles, comments are separated from the data by a stroke and asterix /*. Comments
describe in detail what is to be entered. Table G.1 shows the data ﬁles used in the project.
Table G.1: Figures produced by input data
Mixture results from Input File=fullpath/...txt
simulation (ﬁle extension=".txt")
methane/decane ﬁg 5.4 params-previouswork
T = 393K, P = 75MPa
methane/undecane ﬁgs 6.14 - 6.18,
6.19, 6.20, 6.21 paramsMetUnd373
T = 373K, P = 68MPa 6.23 - 6.25
hexadecane/hexane ﬁgs 6.28-6.29 paramshex-hexadec
T = 248K, P = 62MPa
hexadecane/cyclohexane ﬁgs 6.30-6.31 paramscyclohex-hexadec
T = 248K, P = 62MPa
methane/MNP ﬁg 6.34 paramsMetMNP
T = 295K, P = 46MPa
methane/pentane/MNP ﬁg 6.35 paramsMetPentMNP
T = 295K, P = 46MPa
methane/pentane/MNP ﬁg 6.36 paramsExperimental
T = 295K, P = 46MPa in lab
methane/decane/undecane(and)MNP ﬁg 6.40 paramsMetPentMNP,
T = 295K, P = 46MPa paramsMetPentUnd
hexadecane/hexane(T = 248K, P = 62MPa) ﬁg 6.32 paramshex-hexadec
methane/MNP(T = 295K, P = 46MPa) paramsMetMNP
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G.4 Classes
A visual C++ project is made up of classes. A class produces an object. The functions involved with
this object are written in the class.
Class Comp
This is the class where all the functions of the program reside, apart from functions for matrix inversion.
The object here is the matrix mComp, for a mixture whose initial composition is uniform.
Class CompA
A derived class of the Comp class, the object created here is the matrix mComp (see chart), for a
mixture whose initial composition is not uniform.
Classes INV and Matrix1
In these classes all the functions for matrix inversion reside. The functions here are used in the Comp
and CompA classes by the function in Comp called MakeInvG(). The programmer then needs not
look at these classes because they are simply for inverting matrices in the large class Comp.
Class Unifac
This class contains the correlation functions for activity coeﬃcient and calculates the gradients of their
natural logarithms in the various mixtures.
G.5 The Member Functions and Variables
In this project, classes Comp and CompA are the class whose functions are called in the Main ﬁle.
Therefore, functions from INV, Matrix1 and Unifac are only called from Comp and CompA.
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Member Variables
Variables in C++ must belong to a type. The types used in this program are
1. int, a C++ in-built type for integers
2. double, a C++ in-built type for double-precision decimal numbers
3. LaGenMatDouble, a third-party (LAPACK++ [110]) type for a matrix of doubles
4. LaVectorDouble, a third-party (LAPACK++ [110]) type for a vector of doubles
Below are all the member variables and functions in class Comp, also enjoyed by CompA. Comments
will be separated by // as in C++.
LaGenMatDouble mComp; // matrix of mole fractions: rows = component, columns = spacial position(mRows x mCols)
LaGenMatDouble mCMatrix; // matrix: of molar concentrations rows = component, (mRows x mCols)
LaGenMatDouble mAvCMatrix; // matrix of average molar concentration(mRows, mCols-1)
LaGenMatDouble mCompOld; // previous mComp
LaGenMatDouble mCompOldOld; // previous mComp
LaGenMatDouble mCompInit; // initial mComp so we can save to find separation at steady state
LaGenMatDouble mGravForce; // gravitational force of each component at each grid point
LaGenMatDouble mGravForceOld; // gravitational force of each component at each grid point
int mRows; // number of components
int mCols; // number of grid points
int mNewStart; // a marker, certain position in the input file
double mDz; // grid spacing
double mDt; // size of time-step min(mDtMol, mDtGrav)
double mDtMol; // size of time-step of molecular diffusion
double mDtGrav; // size of time-step of gravity segregation
int mTstep;
double mDtOld; // size of previous time-step, to be used in the stopping criterion
double mYears; // total years
double mthickness; // thickness of reservoir
double mTemp; // temperature in Kelvin
double mLam; // tortuosity
int mPartialVFlag; // flag for whether ideal or real mixing
int mConstFlag; // flag for whether c=const,D=const, or c(x),D(x)
int mGammaFlag; // flag for ideal or real activity coefficients
double mGibbs; // flag for which correlation for activity coefficient if real, depending on mixture
double mFirstTop, mLastTop; // initial and steady-state mole-fraction of component 1 at the top of the reservoir
double mFirstBottom, mLastBottom; // initial and steady-state mole-fraction of component 1 at the bottom of the reservoir
double mFirstTop1, mLastTop1; //initial and steady-state mole-fraction of component 2 at the top of the reservoir
double mFirstBottom1, mLastBottom1; //initial and steady-state mole-fraction of component 2 at the bottom of the reservoir
LaGenMatDouble mInfDiffCoef; // square matrix of infinite diffusion coefficients (mRows x mRows)
LaVectorDouble mMolarV; // vector of molar volumes of pure components (mRows)
LaVectorDouble mNormalV; // vector of molar volumes of pure components at normal boiling point to find mInfDiffCoef(mRows)
LaVectorDouble mVisco; // vector of molar volumes of pure components at normal boiling point to find mInfDiffCoef(mRows)
LaVectorDouble mMolMass; // vector of molar masses of pure components(mRows)
LaVectorDouble mRho; // vector of mass densities of pure components(mRows)
LaVectorDouble mRhoMean; //Vector of mixture densities at each spatial point(mCols)
LaVectorDouble mZ; // vector of spatial points
vector<double> MainParams; // vector of parameters read from text file
LaGenMatDouble mA; // square matrix of polynomial coefficnients used in excess volume calculation(mRows x mRows)
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LaGenMatDouble mB; // square matrix of polynomial coefficnients used in excess volume calculation(mRows x mRows)
LaGenMatDouble mC; // square matrix of polynomial coefficnients used in excess volume calculation(mRows x mRows)
LaGenMatDouble mG; //square matrix in MS equation. The [B] matrix in the text (mRows*mEows)
LaGenMatDouble mInvG; // Inverse of mG
LaGenMatDouble mConstGPrint; // Inv of G at the middle of the domain, maybe used to produce mConstInvG(mRows x mRows)
LaGenMatDouble mConstInvG; //constant Inverse of G for use when c=const, D=const, (mRows x mRows)
LaGenMatDouble mGamma; // Gamma matrix (mRows x mRows)
vector<LaVectorDouble> mVectorGravForce; // get the colums of gravitational force and make the last entry = 0
LaVectorDouble mMass0; // vector of initial total number of moles(mRows)
LaVectorDouble mMassEnd; // vector of total number of moles at steady state(mRows)
double mNorm; // pecentage change from previous timestep: 100 x sum[mComp(0,j) - mCompOld(0,j)]/mCompOld(0,j);
double mRealVmean; // real mixture volume of point
double mIdealVmean; //ideal mean volume at a spatial point
double mMeanMolMass; //mixture molar mass at a spatial point
LaVectorDouble mRealMolarV; // vector of partial molar volumes at spatial point (mRows)
LaVectorDouble mRealRhoMean; // vector of real density at each point in fluid mixture (mRows)
int mWhichProcess; // flag to decide which transport processes to apply
const char * mTextFile; // input text file
Member Functions
Some of these functions are simply to create their corresponding variable mentioned above.
void InitiateComp(); // initiate all the uniform initial
concenration and the parameters
void InitiateComp(int); // in the case of non-uniform initial concentration, int is the row where we stop for the bottom
void SetParameters( double, int, int); // set all the parameters
void SetParameters( double, int, int, int); // int is the row where we stop for the bottom
int GetRows(void); //just to access mRows from the main file. Not called, but the programr might want to use it
int GetCols(void); //just to access mCols from the main file. Not called, but the programr might want to use it
double GetDz(void); //just to access mDz from the main file. Not called, but the programr might want to use it
double Getthickness(void); //just to access mthickness from the main file. Not called, but the programr might want to use it
LaGenMatDouble GetmComp(void); //just to access mComp from the main file. Not called, but the programr might want to use it
LaVectorDouble GetmZ(void); //just to access mZ from the main file. Not called, but the programr might want to use it
void PrintComp(void); // displays mComp on the command line
void GetCMatrix(); //to access and print mCMatrix rom the main file. Not called
void VerifyValue(void); // to check if each mole fraction at spatial point is between 0 and 1 inclusive
void VerifySum(void); // to check if the sum of all molar fraction at each spatial point is = 1
LaVectorDouble CompCol(int); // colum j of mComp which means the mole fractions of spatial point j to be used when creating mG;
LaVectorDouble MakeV(); // to make mMolarV;
LaVectorDouble MakeVbarXi(int); //make vector dV_m/dx_i at z [that is molar gradient of mean volume](mRows); see appendix
LaVectorDouble MakeVbar(int); // make vector of partial molar Volumes at z (mRows);
LaVectorDouble MakeNormalV(); // make vector of molar Volumes at normal boiling point(mRows);
LaVectorDouble MakeVisco(); // make vector of molar Volumes at normal boiling point (mRows);
LaVectorDouble MakeMolMass(); // make vector of molar Volumes(mRows);
LaVectorDouble MakeRho(); // make mRho;
void MakeRhoMean(); // make mRhoMean
void MakeRhoDiff(); // density differences between real and ideal RhoMeean to print on screen
LaGenMatDouble MakeG(int); // make mG
LaGenMatDouble MakeGamma(int); // make mGamma
void MakeNewStart(); // position in data file after the arbitray diffusion coefficients
void MakeFlags(); // make the flags: int mPartialVFlag, mConstFlag, mGammaFlag
LaGenMatDouble MakemA(); // make matrix of excess molar polynomial coefficients used in Releigh-Kister polynomial
LaGenMatDouble MakemInfDiffCoef(); // make mInfDiffCoef
LaGenMatDouble MakemMSDiffCoef(int); // make vector of MS diffusion coefficients at spatial point, matrix(mRows x mRows )
double SumCol(int,LaGenMatDouble); // sum the columns of pseudo-mG to make the diagonals of mG
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double Mass(int); // total number of moles of one component
LaVectorDouble MakeFullMass(); // vector of Mass(i) of components
vector <LaVectorDouble> VectormComp(); //get the rows of mComp, and make the last row = zeros (see Diffusion with Stefan/Maxwel)
vector <LaVectorDouble> VectormComp(LaGenMatDouble); //get the rows of LaGenMatDouble
void MakemCompOld(); // previous mComp
void Diffusion(); //molecular diffusion
void Advection(); //gravity diffusion
void FullDiffusion(); //Diffusion() + Advection() + file-saving
LaVectorDouble MakemZ(); // make mZ
double MakeGravForce(int, int); // make the gravity flux for each pair of components at each point
void Comp::MakeFullGravForce(); // This is a matrix(mRows x mCols)
double PerChange(); //to make mNorm,pecentage change from previous timestep: 100 x sum[mComp(0,j) - mCompOld(0,j)]/mCompOld(0,j);
void EndCriterion(int); // function to check for equilibrium time
void MakeMainParams(); // to read from input files ie make MainParams
vector<double> GetMainParams(); //just to access MainParams from the main file. Not called
void Test(); // function to be modified to do any tests one needs
LaGenMatDouble MakeInvG(int); //to make mInvG
double MakemDtGrav(); // make the CFL time-step for gravity flux
vector<LaVectorDouble> VectormGravForce(); // make mVectorGravForce
double SumD(); // infinity norm of mInvG at each spatial point.
void MakemDt(); // to make time-step in seconds. It first compares SUMD() of each point
double GetmDt(); //just to access mDt from the main file. Not called, but the programr might want to use it
double MakeRealVmean(int); //to make the mRealVmean of a point in space
double MakeMeanMolMass(int); // to make mMeanMolMass
void ReMakemComp(LaGenMatDouble); // to reconvert mAvCMatrix to mComp
LaVectorDouble MakeRealRhoMean(); // make the vector mRealRhoMean
double MakeVmean(int); // to make the mixture molar volume at a point
double MakeC(int); // make molar concentration of mixture at each point
LaGenMatDouble MakeAvCMatrix(); // to make mAvCMatrix
void MakeCMatrix(); // to make mCMatrix from mComp
LaVectorDouble MakeLnGamma(double, double, double); //to make the matrix of log-activity coefficients of a point (mRows x mRows)
LaGenMatDouble MakeDivLnGamma(int); //to make matrix of d.log-activity_i/dx_i(mRows x mRows)
void PrintLnGamma(); // just to display MakeLnGamma or MakeDivLnGamma on the command line
G.6 Program Package and Execution
G.7 Output
Create a directory named "output" within the directory where the input ﬁles are. The program will
save all the output in the directory ".../output".
Text Files
We have explained how to input the necessary data for simulations in appendix G.5. Now we describe
how to get the out put after a simulation.
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Output data is stored in text ﬁles. The mole-fraction at all spatial points at each time-step and
the corresponding time in years, are saved in a ﬁle fullpath/newN, where N is the number of the
component (0,1, 2,...). Below is part of the output for component 1 (ie N=0) resulting from a simulation
with data from paramsMetUnd373.txt. For a reservoir thickness of 304.8m, thickness begins from
−152.4m to 152.4m.
Input file used = D:/New/My
Documents/Latex/Thesis/Data/paramsMetUnd373.txt Number of grid
points = 21
z--> -152.4 -137.16 -121.92 -106.68 -91.44, ...etc
tStep Years
0 3.17E-07 0.5 0.5 0.5 0.5 0.5, ...etc
10 1698.51 0.499136882 0.499471044 0.499805128 0.499887984 0.49997076, ...etc
. . . . .{and so on} . . . . .
The ﬁrst line is the spatial coordinates in a row, denoted by z. Subsequent entries directly below
each coordinate are its mole-fraction of component 1 at the speciﬁed time-step. In the output ﬁles the
time-step and number of years are denoted by tStep and Years respectively, and are each in a column.
Excel Files and Plots
Excel is used to view the above text data and produce graphs.
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